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SYMBOLS USED IN THE BOOK 


{AB) 

\AB] 

\AB I 
P F,) 


{AB, CD) 

Z. 

A eF(A^F) 
F, c F, (F, Ct F,) 


F,f] F, 
^lU F, 


OD 



The straight line passing 
through the points A and B. 
The line segment with the end¬ 
points at A and B. 

The length of the segment [-45], 
The distance between the figures 
Fi and F^. 

The angle between the lines 
(AB) and (CD). 

Angle. 

The magnitude of an angle. 
The point A belongs (does not 
belong) to the set F. 

The set F^ is contained (is not 
contained) in the set F 2 . 
Intersection of the sets Fi and 

Join of the sets Fi and F 2 - 
Congruent; is congruent to. 

Is similar to. 

Is parallel to; parallel 
Perpendicular; is perpendicular 
to. 
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a, AB 


a I \AB\ 


(a, b) 
a-b, AB-CD 


a X b, [ab\ 
abc 

{A, B, C) 
M {x, ij, z), M = (x, y, z) 

a {x, y, z}, a = {x, y, z} 


For any. 

Exists. 

Follows. 

Equivalent; is equivalent to 
The projection of the Dgure F 
on the plane a. 

Vector. 

The length of vector. 

The angle between vectors. 
Scalar product, or dot product, 
of the vectors a and b, AB and 
CD. 

Vector product, or cross prod¬ 
uct, of the vectors a and b. 

Triple product of three vectors 
The plane passing through the 
points A, B, C. 

Point with coordinates x, z 
in space. 

Vector with coordinates x, y, z. 


CHAPTER 1 


BASIC RELATIONS BETWEEN 
THE ELEMENTS OF AN 
‘ ARBITRARY TRIANGLE 

SOLVING OBLIQUE TRIANGLES 


We shall consider here the basic cases of solving arbitrary 
triangles. The results obtained in this chapter we shall 
then use for solving problems in geometry and physics. To 
do this we shall need some trigonometric formulas which 
are derived below. 

Sec. 1. The Law of Sines 

Lemma. The side of any triangle is equal to the product 
of the diameter of the circle described about the triangle (or the 
circumcircle) and the sine of the opposite angle. 

Given: ^ABC and the radius R of the circumcircle. 
Prove: 

a = 2Rs\TiA^ fc = 2i?sin5, c = 2/?sinC. (1) 

Proof, 1. We shall first consider the case when the angle 
A is acute. Let us describe a circle about the triangle ARC 
(Fig. 1) and draw the diameter [BD] from the vertex B 
(or C), We then join the point D io C and consider the 

triangle BCD, In this triangle BCD = 90"" as an angle 

subtended by the diameter and BDC = A as inscribed 
angles subtended by one and the same arc. 

It follows from the triangle BCD that the length of the 
leg [BC] is equal to the length of the hypotenuse [BD]^ mul¬ 
tiplied by the sine of the opposite angle, i.e. a = 2R sin A, 

The remaining two formulas for B < 90'" and C < 90° 
are proved in a similar way. 
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2. Suppose tlie angle A is obtuse. We describe a circle 
about the triangle ABC (Fig. 2) and consider the triangle 
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BCD (whose side [BD] is the diameter of the circumcircle) 
in which BCD = 90°. Consequently, 

|5C| = |5Z)|.sin iSc. 


Since sin BDC = sin (180° — BAC) = sin BAC = sin /i, 
we have | a 1 = 2/? sin A. 

3. \l A is a right angle, then in the right-angled triangle 
ABC the side a is the hypotenuse and hence | a | = 2/?, 
i.e. I a I = 2R sin 90°. Thus, the lemma remains valid in 
this case as well. 

Theorem (the law of sines). The sides of any triangle are 
proportional to the sines of the opposite angles. 

Given: ^ABC, 


sin A sin B sin C ’ 

Proof. It follows from the lemma that 


2R 


a 

sinM * 


2R 


b 

s\nB * 


2R 


c 

sin C 


Hence, 


a _ b _ c 

sin>l sin/i sin C ' 
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( 2 ) 










Note. There is another way of deriving the formula (2) 
following from the equalities 

5 = -^ a6 sin C = he sin A =-^ac sin B . 


As an application of the law of sines let us consider the 
proof of the theorem on the property of the bisector of 
the interior angle of a triangle. 

Theorem. The bisector of the inte¬ 
rior angle of a triangle divides the op¬ 
posite side into parts proportional to 
the adjacent sides. 

Given: aABC and the bisector 
[CD] of the angle C (Fig. 3). 

Prove: | AD | : | DB \ = \ AC \ : Fig. 3 

:\CB 1. 



Proof. The bisector [CD] divides the angle C into two 
equal angles ACD = DCB = a. Put ADC = (5, then 


CDB = 180° — p. According to the law of sines we have 
in the triangles ACD and DBC 


I AD I : I AC I = sin a : sin p, 
I DB I : I CB I = sin a : sin p. 


Consequently, 1 AD | : \ AC \= | DB j: | CB |, which was 
required to be proved. 


Sec. 2. The Law of Cosines 

Theorem 1 (the law of cosines). The square of the side of 
any triangle is equal to the sum of squares of two other sides 
less twice their product by the cosine of the angle between them. 

Given: ^ABC. 

Prove: — 2bc cos A. 

Proof. 1. Suppose the angle A is acute. Draw the alti¬ 
tude [BD] in the triangle ABC, and consider the right-angled 
triangle BDC thus obtained (Fig. 4). In it 

a2 = (6—(1) 

Let us now express the quantities b^ and h in terms of 
the sides and angles of the triangle ABC. In the right- 
angled triangle ABD we have h = c sin A, b^ = c cos A. 
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Substituting them in the equality (1), we find that 
a^ = (b — c cos -f-c^ sin^^, 

whence we get 

a2 = b^ — 2bc cos .4 -f- (cos2 A + sin^ A) = b’^ + — 2bc cos A . 

2. Suppose the angle A is obtuse. From the vertex R 
let us drop the altitude [BD] onto the extension of the side 




lAC] (Fig. 5). From the right-angled triangle BDC we have 

a2 = /l2-f-(f,-|_fcj)2, ^2) 

Expressing the quantities h and b^ in terms of the sides 
and angles of the triangle ABC, we have 

A = c sin (180° — A) = c sin 4, 

A, = ccos (180°— A)= —ccos A. 

Substituting these expressions in the equality (2) and car 
rying out all necessary simplifications, we get 

flZ = f 2 sin2 4 -f (6_ c cos 4)2 = c2 (sin2 4 + cos^ A) -f 

4-62 — 2bc cos 4 = 62 _j_ c 2 — 26c cos 4. 

3. Suppose 4 is a right angle. In this case cos 4 =0 
and hence 6 -p c2 26c cos 4 = 62 -)- c*. Since according 
to the Pythagorean theorem 62 -f c* = a^, we have 

a2 = 62 -|- c2 — 26c cos 4. 
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The law of cosines turns out to be a generalization of the 
Pythagorean theorem, since it yields the following corol¬ 
laries. 

Corollary 1. The square of a side of a triangle is less 
than, equal to, or exceeds the sum of squares of two other of its 
sides depending on whether the opposite angle is acute, right, 
or obtuse. 

Proof. If C < 90°, then cos C >0 and 

= flZ _|_ ^2 — 2ab cos C < + b^- 

If C = 90°, then cos C = 0 and = a“ -f 

If C >90°, then cos C < 0 and = cP -T b^ — 2ab X 

X cos C > -I- 52 ^ 

The converse is also true. 

Corollary 2. The angle of a triangle is acute, right, or 
obtuse depending on whether the square of the opposite side 
of the triangle is, respectively, less than, equal to, or more 
than the sum of the squares of the two remaining sides. 

Proof. It follows from the law 
of cosines that n c 




If + b^, then cos 

C >0 and hence C < 90°. But 
if + 6 -, then cos C = 0 , 


Fig. 6 


i.e. C = 90°, and, finally, if 

c^ >a^ + 6 -, then cos C < 0, i.e. C >90°. 

Theorem 2. In any parallelogram the sum of squares of 
the diagonals is equal to the sum of squares of all of its sides. 

Given: a parallelogram ABCD and its diagonals [AC] 
and [BD] (Fig. 6 ). 

Prove: \ AC \^ + \ BD = 2 \ AB ^ 2 \ BC l^. 

Proof. Let DAB = a, then ifiC = 180° — a. 

According to the law of cosines, from ^ADB and £^ABC 
we have 

\ BD \ AD \^ + \ AB ^ 2 \ AB \- \ AD |.cos a, 
\AC \^ = \AB + \BC ^2\AB V\BC 

X cos (180° - a) = \AB \^ + \ BC \^ + 2 \ AB \ x 
X I AD I cos a. 
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since | BC | = | AD |. Adding these equations, we have 
\AC + \BD ^2\AB + 2 | BC | 2 , 

which was required to be proved. 


Sec. 3. Expressing the Tangent of a Half-Angle 
in Terms of the Sides of a Triangle 
and Radius of the Inscribed Circle 
(or the Incircle) 


Theorem. The tangent of the half-angle of a triangle is 
equal to the quotient obtained in dividing the radius of the 

incircle by the difference be¬ 
tween the semiperimeter and 
the opposite side. 

Given: ^ABC\ the radi¬ 
us r of the incircle, and the 
semiperimeter p. 



Prove: 


.A r 

tan = - 

2 p — a 


tan~ = —— tan —= —-— 

2 p _^ p _^ 


Proof, We draw the bisec¬ 
tors of the interior angles in 
the triangle ABC (Fig. 7). 
From the incentre O (i.e. the centre of the inscribed circle) 
we then drop perpendiculars [OD], [OE], and [OF] on the 
sides of the triangle, the length of each perpendicular being 
equal to r. From the triangles thus obtained AOD ^AOF, 
COD ^ COE^ BOF ^ BOE we have: 


tan- 


l.lDI 


tan 


b 


tan 


( 1 ) 


\FB\ ^ 2 ““ I DC| • 

Let us express \ AD \, \ FB |, \DC \ in terms of the sides 
of the Denoting | AD \ = | AF \ = x, \ FB I = 

= I BE I = p, I DC I = I EC 1=2, we may write 

= 2 + y, 6 = 2 + X, c = X + y. (2) 

Adding these equations, we get a + 6 + c = 2 (x + y + z). 


or 


x + y + z = -Yi.(^ + h + c) = p, 
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Subtracting each of the equations (2) from the last one, we 
ilnd 

p — a^x=\ADl p = y = \ BF I 

p — c = z = \DC I 

and may rewrite the formulas (1) in the form 



p — a ’ 


tan 


B r 

2 “ p^b ’ 



r 

P — c ’ 


( 3 ) 


which was required to be proved. 

The formulas (3) can be reduced to a more convenient 
form by expressing r in terms of the sides of the triangle 
ABC. To do this we shall make use of Hero’s formula S = 


~ P {P — {p — — c) for the area of a triangle 

and of the formula S = pr expressing the same area. Elim¬ 
inating S from tliese equations, we get 

J.— V p(p— °) (p—fe)(P—c) lP—a)(P—b)(p—c) 


Now from (3) and (4) it follows that 



iP-b) ip-c) 

p(p—a) 



(p—a)(p — c) 
p{p—b) 

{p—a){p — b) 
p(p—c) 


( 5 ) 


Sec. 4. Solving Oblique Triangles 

To solve a triangle means to find the remaining angles 
and sides when sufficient of these have been given*. As 
is known, a triangle is specified by three basic elements, the 
side being at least one of them. In solving an oblique triangle 
the following four cases are possible: 

(1) given three sides; 

(2) given two sides and the angle between them; 

(3) given two sides and the angle lying opposite them; 

(4) given a side and two adjacent angles. 

Let us consider each of them. As in any computational 
problem the correctness of the calculations performed is 


♦ Here and elsewhere “the side a” means the length of the side a. 
2-0359 17 

















recommended to be checked by a formula not used in the 
solution of the problem. We shall call it a checking formula. 

Problem 1. Given three sides a, b, and c of a triangle. 
Find its angles. 

Solution. The first method. Using the law of cosines 
^2 _ ^2 ^ ^2 — 2bc cos i4, we find the angle A: 


cos A 


+ c* — a* 

Wc 


Using the law of sines a : sin A 
the second angle B: 

. f. h sin A 
sin B =-. 


= : sin 5, we find 


The third angle C is found as a supplement to the angles 
A and B: 

C = 180° —(i + fi). 


The checking formula', a : sin A = c \ sin d. 

The second method. Find the semiperimeter of the triangle 

p = y (a + 6 + c) and the differences p — a, p — 6, 

p — c. Using the formulas (5), we compute the required 
angles: 


tan4-=V^ 
tan 4= 


(P-b){p-c) 
p(p — a) 

(P—o) (P—^ 

p(p — b) 

{p—a) (p—b) 
PiP-^c) 


The checking formula: A B C = 180®. 

The problem has a solution, which is a unique one, only 
if the sum of any two sides is more than the third side, i.e. 

a + 6>c, fc + c>a, a + c >b. 


If at least one of these conditions is not satisfied, then there 
is no solution at all. 

Problem 2. Given two sides a and b (a >b), and the 
angle C. Find the side c and the angles A and B. 

Solution. Using the law of cosines, we find the side c: 

c=V — 2ab cos C. 
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The angles are found by the law of sines. It follows from 
the condition a >b that tlie angle fi is acute. Therefore, 
we first find tlie angle B by the formula 

sinfl = l^i5i. 

C 

and then the angle ^4 as a supplementary angle to the angles 
B and C 

A= 180°-(5 +C). 

Tfie checking formula: a ; sin i = 6 : sin B. 

The problem has a solution, which is unique, if C 180°. 
Note. The angle A may be of any magnitude if C < 90°. 

therefore, if prior to determining the angle B the angle A 
were found by the formula 

sini=.i^ 

C * 

we would be unable to uniquely determine the magnitude of 

the angle A by the known value of its sine without additional 
investigations. 

Problem 3. Given the side a and the angles B and C. 
Find the sides b and c, and the angle A. 

Solution. We first determine the angle A: 

A = 180°-(B + C). 

Using the law of sines twice, we find b and c: 

_ g sin .g ^ a sin c 

sin if ’ ~ sin A ' 

The checking formula: a* = 6* + c* — 2bc cos A. 

•<18(^* problem has a solution, which is unique, if fi + C <; 

Problem 4. Given two sides a and b and the angle A. 
hind the side c and the angles fi and C. 

Solution. Using the law of sines sin fi = , vve 

compute the angle fi and^ then the angle C is found as a 
supplementary angle to i4 and fi: 

C= 180 °-(i 4 + fi), 

2 * 
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Using the law of sines c = 


a sin C 
sin A 


once again, we 


find 


the side c. 

The checking formula: — 2bc cos A. 

Let us notice how the angle B is calculated using the 
found value of sin B. Since two angles correspond to one 
and the same value of sine, there arises a question whether 
both of these angles are suitable or only one of them and 
which one. 

We shall give an answer to this question by comparing 
the given sides a and b. ^ ^ 

1. Suppose a '^b. Then a >6 sin A, whence sin B = 

= The problem has a unique solution, since 

the angle B may be only acute independent of whether the 
given angle A is acute, right, or obtuse. 

2. Suppose a < 6. Then / < The problem has a 

solution provided sin B = —or 6sini4-^a. If 

6 sin 2 = a, then sin B = 1, which means that the required 

triangle is a right-angled one. If now b sin < a, the 
problem has two solutions, since in this case two values 
should be taken for the angle B, which will give us two 
triangles, one of them being acute-angled, the other 
obtuse. 

If, finally, b sin A > a, then sin B >1, and the prob¬ 
lem has no solution. 

3. Suppose a = b. Then A <C 90° and B 90 . The 
problem has a unique solution. 


Sec. 5. Measuring Distances Between 
"Inaccessible" Objects 

It is not always possible to directly measure the distance 
between two objects A and B. For instance, it is impossible 
to do this when the observer is situated on one bank of a 
river and one or both objects on the other, and there is 
no bridge across the river. We also cannot measure directly 
the height of some vertical objects such as a hill or a post 
located across the river. 
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A point A is said to be accessible (or approachable) or 
inaccessible depending on whether or not the observer can 
approach it. 

Thus, the distance between two points A and B can be 
measured directly if and only if these points are approach¬ 
able. In carrying out such measurements we usually neglect 
the curvature of Earth’s surface, since the areas in question 
are too small, and we consider them to be flat. 



Let us solve several simple problems on computing 
distances and heights. 

Problem 1. Determine the distance from an approachable 
point A to an inaccessible point B. 

Solution. Let us select an approachable point C and, 
by fixing it, measure directly the length of the line segment 
[i4C], which is called the basis (Fig. 8). 

Let \ AC \ = b. Using a theodolite or an astrolabe, we 

determine the angles BAC and BCA. In the triangle ABC 
the side [AC\ = b and the angles A and C are known (see 
Problem 3 of Sec. 4), hence 


\AB\ =c = 


h sin C 
sin(i4 + 0 * 


Problem 2. Determine the distance between two inacces¬ 
sible objects A and B. 

Solution. Take two approachable points C and Z), from 
which the points A and B are seen. Then we measure directly 

the distance 1 CD ] = a and the angles/ICD = a, ADC = y. 





f r~ ^ ^ compute the distances 

MC I and \BC \ (see Problem 3 of Sec. 4) 


\AC\ 


a sin Y 


sin(Y + a) ’ 


a sin 6 


sin (P+6) 


Now, in the triangle ABC the sides [AC\ and [BC], and the 
angle between them are known. By the law of cosines 


=V \AC\^^\CB\^-2\CB\.\AC\-cos{a-f>) = 

= a I,/ - I siu^6~ ~ 

y sin* ra-<-v) sin* ^ 


sin Y sin 6 cos (a—P) 

sin (a + 7 )sin (Pn-6) 


Problem 3. Determine the height of a vertical object 
whose base is approachable. 

From point A (Fig. 10) draw a horizontal line 
l^Cl (the basis) and measure its length. Suppose \ AC \ = b. 



Fig. 10 


Fig. 11 


Pjaw then ai^igle measuring device at point C and measure 

= a, I CD I = h, where h is the height 
of the device. In the right-angled triangle BED the side 
\BE\ is a leg, therefore | | = 6 tan a and \ AB \ = 

= b tan a + /i. 

Problem 4. Determine the height of a vertical object 
whose base is inaccessible. 

/!?• Take the basis [CD] on a horizontal locality 

(Fig. 11) and measure its length. Let | CD j = Z?. We then 
place an angle measuring device in succession at points C 
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and D to measure the angles of inclination of the straight 
lines (BF) and (BE), respectively, to the horizontal plane 

Let BFO = a, BEO = p, | DE | = j CF | = fe, where 
h is the height of the angle measuring device. In the triangle 

BFE the side 1 FE | = &, and the angles BFE = 180° — a 

and BEF = p (see Problem 3 of Sec. 4). Therefore, 


\BF\ 


bsin p 


sin(a—P) • 

From the right-angled triangle BOF we now get 

l^'SI = +'‘" ‘sIMa-O) 


sin (a—p) 

Sec. 6. Other Problems on Solving 
Oblique Triangles 


As is known, the triangle may be specified not only by 
its basic elements. We can construct a triangle given a 
median and two sides, or three medians, or a side, height 
(or altitude) and an angle, etc. 

Let us consider a few problems on solving triangles 
specified by non-basic elements. 

Problem 1. Given the triangle ABC with the angles A 
and B, and tlie perimeter 2p — a -|- 6 + c. Find the sides 
a, b, c, and the angle C. 

Solution, We first find the angle C and then, using the 
lemma formulated in Sec. 1, write the following relations: 


sin A sin B 


sinC 


= 2/f. 


Whence, using the property of equal relations, we find the 
radius of the circumcircle: 




a \ h + c 


sin i4-(-sin P + sin 6’ • 


i.e. 


/?: 


sin/i-|-sin /? + sin C 4sin (i4-j j9)/2-cos(i4/2) cos (J5/2) 
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Using the law of sines, we now compute 


-2R sin A = 


psin A 


2sin(i+B)/2.cos(i4/2).cos(i9/2) * 


6 = 2/? sin 5 — 


P sin B 


c = 2/? sin C = - 


2 sin (^-1 D)l2 cos (^/2).cos (^/2) ’ 

P sin C 


2 sin(i + ^)/ 2 .cos(^/ 2 ).cos(^/ 2 ) * 

It is easy to see that this solution is unique. 

Problem 2. Given the triangle ABC with the angles A 
and B and the product of the sides a^b = n. Find the sides 
a, 6, c, and the angle C. 

Solution, We find C = 180° — (i + 5). Since y = 

^ si^ ’ following system of two equations 

ah = n, 


I 


sin A 


sin B ’ 

from which we determine a and 6: 

n = V nsinA : sin 5, 6 = V ;^sin B : sin^l. 

We now find the side c: 

c = sinC*V^w:siniB-sin^ . 

The problem has a unique solution. 

B 



Problem 3. Given the triangle ABC with the medians 
1 AD I = I BE I = nib, and the side | AB \ = c. Find 
the sides a, b and the angles A, B, and C (Fig. 12). 
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Solution. The three sides of the triangle AOB (where 0 
is the point of intersection of the medians) are known: 

\AO\=^ma, I OB I =-1"^*’ ^ 

Solving this triangle (see Problem 1 of Sec. 4), we find 



where a = BAO, P = ABO, 


n- ^ 1 


, 2m„ 

, 2m|, 


P~~2[ 

c • 

' 3 

‘ 3 


1 

( 

2nia 1 

2/715 

-c) 

p — c— 2 

i 

3 ^ 

3 

) 

2 

1 


2/77a 1 

2mi, 

’ S' ^ “ — 

2 

r 

3 

3 

2 

1 

(c 1 

2mo 

2/715 

-3-^6 = 

2 

[C + 

3 
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Now, in each of the triangles ABD and ABE we know 
two sides and the angle between them (see Problena 2 of 
Sec. 4). Solving the triangle ABD (1 AB j = c, 1 AD 1 = 

= nia, DAB = a), we find 

|BDI=-|-=|/ c2 + -^m%—l^cmaCosa 


and 


a = ^Y 9c2 + 4m|! —12cmaCosa . 

. 2m„ sin a 

Sin ABD = -:- . 


Analogously, solving the triangle ABE (lABj 
BE 1 = mj,, ABE = P), we find 

\AE\ -|-^^/iC0sp 


= c, 
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and 



sin^^g = — 

b 


Thus we liave found the sides a and b, and the angles A 
and Tlie angle <7 = 180° — {A + B). 

The checking formula-. 



The above method of solution is not unique. The following 
method may be used as well. 

In the triangle ABC we draw a third median \CF\ and on 
Its exten.sion lay off the line segment \FK] ^ [FO] (Fig. 13). 


S 



AT 


A 


B 


Fig. 13 


Fig. 14 


The quadrilateral AOBK is a parallelogram, since its diag¬ 
onals are bisected by the point of their intersection. In 
this parallelogram the following elements are known: the 

sides \ AO | =^Tna, \OB \ —^mi^ and the diagonal 

M/n = c. 

Using lieorem 2 of Sec. 2, we find the second diagonal: 


\OK\ = \OC\ =-|-mc = 


= V2\0A\^-\-2\0B\^-\AB\^ 


= -g-V"8'»« + 8m,*-9c2. 


On the o.xlensions of the medians UZ)1 and [BE] we now 
lay off line .segments ^ [OD\ and [EG] ^ [EO], re- 
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spectively. The quadrilaterals BOCQ &nA AOCG are paralle¬ 
lograms, in each of which the sides and one of the diagonals 
are known. Using Theorem 2 of Sec. 2 once again we find 

|SC| =a = V2|OC|2-f2(Otf|2- \OA\^ = 

= -^ V+ Sml — Amf,, 

\AC\ =h = /2|OC|2-f-2|0^|2—|05|2 = 

— ^Y + 8m* — Ami - 

Thus, we know the three sides of the triangle ABC. Solv¬ 
ing Problem 1 of Sec. 4, we find the angles A. B, and C. 

Problem 4. Given the triangle ABC with the heights 
^o> hbi he. Find the sides and the angles of the triangle 
(Fig. 14). 

Solution. From the formulas for the area of a triangle 


S = -^aha, 


S=\bh^, 


S = ^CK 


it follows that 


ria "6 hf. 

It is clear from these relations, that the triangle ABC is 
similar to the triangle AiB^C^ with the sides dj = 1/^^, 

Cl = l/Ac; hence, A = A^, B = B^, C = Ci. 
Solving the triangle A^BiC^ (Problem 1 of Sec. 4), we 
find 


tan 


tan 


■f=/ 


(P—bi) (P —C|) 

p(p —a,) 


(p—ai)(p —Cl) 

p{p — bi) 


Ian 


^1 |/' (P —a|)(p —6i) 

2 y p<p—Ci) 


where p = y (aj -1- 6^ -|- Ci). 

Considering in succession the right-angled triangles BCE 
(I BE I = hh), ACF (MF I = h^) and ABF (MF 1 = fe„), 
we find: 

a=|BC|=-^, ft=|ylC| 


sin C 


sin C 


c^\AB\ 


sin ii 
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Sec. 7. Worked Problems 

Many problems in plane geometry, physics and mechan¬ 
ics are reduced to solving triangles for which purpose a 
figure is divided into a number of triangles so that the 
required element is incorporated in one of them (desirably, 
as the basic one). 

If in such a triangle sufficient number of elements are 
given, then, by solving this triangle, we shall find the 
required element. If this number is not sufficient, then, hy 



Fig. 15 



solving in succession a “chain” of triangles, we first find 
the missing elements and then, use them to find the required 
element. 

Let us illustrate this by the following examples. 

Example 1. The non-parallel sides of a trapezium are 
perpendicular to each other. One of them, which is equal 
to a, forms an angle a (a < 45°) with a diagonal, the other 
being inclined to the lower base at the same angle (Fig. 15). 
Find the median line of the trapezium. 

Solution. By hypothesis, AED = 90°, BAG = ADC = a 
and 1 AB | == a. The median line of the trapezium | MN | = 
= (I AD I + I BC |)/2; [BC] and [^Dl are the sides of the 
triangles ABC and ACD. 

In the triangle ABC sufficient number of elements are 
known: 


\AB\ = a, BAC = a, ACB = 90° — 2a, ABC = 90° -f a. 
In the triangle .4CD only the angles are known: 


^^ 90 ° 




2a, ADC = a, ^CD = 90°-1 a. 
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i.e. the number of elements is not sufficient. Therefore, 
prior to solving this triangle, we have to find one of the 
sides. Naturally, this side is [AC] which will be determined 
when Solving the triangle ABC. 

Thus, solving the triangle ABC (Problem 3 of Sec. 4), 
we have 

|ji4Z^|»8ina _ a sin a 

sin(90«—2a) cos 2a’ 

|i4Z/|»sin(90° + a) a cos a 

” sin (90®—2a) “ cos 2a ’ 

From the triangle ACD we now get 

MC|.sin(90® + a) _ acos^a 

sin a sin a cos 2a • 

Hence, 


|-(|/10|+|gC|)- ■ 

Example 2. In the triangle ABC with the side \AB\ = c 
and the angles]i4 = a and = P a circle is inscribed exter¬ 
nally which touches the side [BC]. Determine the radius 
of the circle. 

Solution. The centre O of the circle lies in the point of 
intersection of the bisectors of the angles BAC and CBE 

(Fig. 16). Consequently, BAO = OAC = ~ BOE = 

= A . Let us now draw [OE] perpendicular to \AE] and [OF] 
perpendicular to \CB\. It is obvious, that R => \ OE \ = 
= 1 OF 1. 

Thus, the required radius is the side of the right-angled 
triangle QBE {^OBE ^ A OBF), in which only one element 

is known, i.e. BOE = , which^ is insufficient for solving 

the triangle. Therefore, let us first find its side. As is clear 
from Fig. 16, [OB] is one of the sides of the triangle AOB, 

in which AB=^c, OAB = olI2., and AOB = 90°—a/2— p/2. 
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Solving the triangle AOB, we find | OB j: 

_ \AU\ s\i\OAB _ 

sin^ sin (90°- 1 -Lj 

a 

csin — 

‘""•“'(■T+x) 

and then from the triangle OBE we get 

a p 

ft csin cos-^ 
«=|0£|_|0;;|.eo3-|- = _^2. 

"»(—+-r) 

It follows from the results obtained that tliere exists a solu¬ 
tion for any triangle, since 0° < a -|- p < 180° and 0° < 
~f" P)'2 90°. 


^ Example 3. A body is acted upon by the forces and 
Fj. Find the resultant force F and the angles between F 



and Fi, F and F^ if | Fj | = a N, 

IFj I = hN,and(Fj,F2)=a< 
< 180°. 

Solution. As is known, the 
resultant force is directed along 
the diagonal of a parallelogram 


Fig. 17 constructed on the vectors F, 

—► * 

and Fj and is numerically equal 
to the lengtii of this diagonal. Hence, the problem is reduced 
to solving the triangle MAC (Fig. 17), in which tfie follow¬ 
ing elements are known: the sides | MA | = a, | AC | = 6, 

and MAC = 180° — a (Problem 2 of Sec. 4). Solving this 
triangle, we find: 


\F\ = \MC\ = Yo'^ +IF- —2abcos {iS0° — a) = 


= y -f -F 2ab cos a , 


sin AMC = 


b sin a 


a* -{-2ah cos a * 
where AMC <90°, since a > 6. 


fiMC = a —AMC, 
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Note. Let iis check that sin^A/C^^ l. From the ine¬ 
quality 

b sill a 


y a^-}- b*-\-2ab cos a 


<1 


we get 


or 


sin^ -f 6 ^ + 2ab cos a, 

b^ cos^ a + or + 2ab cos a^O. 

The latter is obvious, since b^ cos^ a 2ab cos a 

= (b cos a -f ay. 

Example 4. A light beam 
pierces a plane-parallel plate. 

Determine the shift of this beam 
due to its passage through the 
plate if the angle of incidence 
is equal to a and the thickness 
of the plate is equal to d. 

Solution. On meeting the 
plate at point A the beam [MA) 
will change its direction and 
move along a straight line {AB) 
at an angle p to the perpen¬ 
dicular [AC] (Fig. 18). Leaving 
the plate at point B the beam 
will propagate along the straight 
line {BN) inclined to {AC) at 
an angle y. 

According to the law of refraction of light, we have 
sin a : sin P = n, sin p : sin 7 = l//z, 



wlience 


Hence, 


sin p ^ 


sin a 


and sin p: 


sin Y 
n 


sin a = sin y, i.e. a = 7 * 


since the angles a and 7 are acute. 

The displacement of the beam due to refraction is equal 
to the distance between the parallel lines {MD) and (5A), 
i.e. equal to (BD), which is perpendicular to {MD). 
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The required quantity is the length of one of the sides 

of the right triangle ABD in which only one angle BAD = 
= a — fJ is known, which is evidently insufficient for its 
solution. Therefore, let us first find the length of the hypo¬ 
tenuse 1.4^1, for which purpose we have to make use of the 

triangle ABC. In this triangle \ AC \ = d and BAC = p. 
Hence, 1 AB | = d/cos p. 

Solving the triangle BAD, we finally find 

\BD\ = \AB\ sin = . 

where p = arcsin sin aj. 


PROBLEMS TO CHAPTER 1 

Solve the following triangles (Problems 1 to 20). 

1. Given: a = 13; 6 = 18; c = 15. Find A , B, and C* 

2. Given: a = 19; b = 3A; c = 49. Find A, B, and C* 

3. Given: a = 45.5; b = 65; c = 10. Find A , B, and C. 

4. Given: .a = 13; b = 15; C = 59°30'. Find [c, A , 

and |fi. 

5. Given: b = 28; c = 42; A = 124°. Find a, B, and C. 

6 . Given: a = 2.3; c = 1.7; B = 29°50'. Find 6, A, 
adn C. 

7. Given: b 22.5; A = 117°45'; B = 20°40'. Find 
a and c. 

8 . Given: a = 218; B = 56°51'; C = 45°18'. Find b 
and c. 

9. Given: a = 45; A = 87°50'; B = 10°50'. Find b and c. 

10. Given: a = 460; b = 654; A = 35°10'. Find c, C 
and B. 

11. jGiven: a = 13; b =^35; A = 71°. Find c, B and C. 

12. Given: a = 19; b = 88; A = 31°. Find c, B and C. 

13. Given: b = 360; c = 309; C = 21°30'. Find a, A 
and B. 
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14. Given: a b = 70.2; A = 15'’28'; B = 45°23'. Find 
a, 6, and c. 

15. Given: R = 7.92; A = 113°17'; B = 48°16'. Find 

a, fe, and c. 

16. Given: a -f fc = 489; A = 70^; = 40^. Find a, 

h, and c. 

,17. Given: a — 6 = 23; .4 = 108°; Zy = 18°. Find a, 

b, and c. 

18. Given: r = 5, 4 = 22°; R = 39°. Find a, 6, and c, 

19. Given: ab = 48; C = 28°41'; A = 115°40'. Find a, 

6 , c, and 5. 

20. Given: a = 32; b = 25; A = 2/i. Find c, i, /Z,’ 
and C. 

Reduce Problems 21 to 25 to one of the basic cases. 

21 . Given: the side a, adjacent angle and the radius 
R of the circumscribed circle. 

22. Given: two sides a and b and the ratio cr/sin C = q, 

23. Given: the angle A, the side b and the ratio of the 

two remaining sides ale = p, 

24. Given: the angles B and C, and the bisector 
drawn from the vertex A. 

25. Given: two sides a and 6, and the bisector Zg drawn 
from the vertex C. 

26. A chord common to two intersecting circles is seen 
from their centres at angles a and p. Find the radii of 
the circles if the distance between their centres is equal 
to a, 

27. Two secants are drawn to a circle from an external 
point. One of them passes through the centre of the circle, 
its outside segment being equal to 1/4 of the radius of the 
circle. The outside and the inside segments of the other 
secant are equal to each other. Find the angle between the 
secants. 

28. Taken on a side of the rhomb ABCD is a point E 
which divides the side AB m the ratio 2:1. Find the angles 

of the triangle A EC if the acute angle A of the rhomb is 
equal to 72°. 

29. The side of an isosceles triangle is equal to c and 
the vertex angle is equal to p. Find the radii of the circum- 
circle and the incircle. 


3-0359 
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30. Given in a right-angled triangle are the leg a and the 
adjacent acute angle a. Find the radii of the circumcircle 
and the incircle. 

31. Given in a triangle ABC are the sides | AB | 10, 

I BC 1 = 8, I AC I = 6. Find the radii of the circumcircle 
and the incircle. 

32. Determine the angles of a right-angled triangle if 
the radius of the circumcircle is to the radius of the incircle 
as 5 : 2. 

33. In an isosceles trapezium the diagonal equal to d 
bisects its acute angle. Find the sides of the trapezium if 
its acute angle is equal to a. 


B 




34. A circle is circumscribed about a triangle whose 
angles A and B are given. Find the ratio of the perimeter 
of the triangle to the radius of the circumcircle. 

35. The sides of a parallelogram are 7 cm and 11 cm 
long. Find its diagonals if one of them is 2 cm longer than 
the other. 

36. The diagonals of a parallelogram are 24 cm and 28 cm 
long, and the difference between the sides is equal to 8 cm. 
Find the sides of the parallelogram. 

37. The base of a parallelogram is 60 cm long, and the 
acute angle is equal to 48°. The diagonal of the parallelogram 
divides its obtuse angle in the ratio 1 : 3. Find the perimeter 
of the parallelogram. 

38. In a trapezium A BCD the following elements are 

given: the bases \ AB \ = | CD | = 6, and the angle 

BAD = a. The angle between the diagonal [BD] and the 
side [AD] is equal to 2a. Find the nonparallel sides of the 
trapezium. 
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1^0 is acted upon by the forces of 33 N 

‘T .n between a balancing force 

()1 uU N and each of the given forces. 

40. A material point is kept in a state of equilibrium 
by the forces of 25 N, 36 N, and 29 N acting in one plane. 
Determine the angles between these forces. 

41. Two forces of 36 N and 83 N act on a material point 
at an angle of a = 7T'i2\ Determine the resultant force 
and the angle formed by it with the stronger force. 

42. The rafters [BA] and [BC\ (Fig. 19) form an angle a 
with the horizontal beam [ACl A load of P N is suspended 

from B. Evaluate the force pressing the rafters against 

the beam, and the force stretching the beam. 

43. A train moves at a speed of 12 m/s. A passenger sees 
t le rain drops falling at an angle of 30° to the vertical. 
Determine the average velocity of the rain fall. 

44. The arm Z of a rectilinear lever is acted upon by a 
force of F N at an angle a to the lever, the other arm being 

^ of N at an angle p to the lever 

(big. 20). Find the length of the second arm if the lever is 
kept in a state of equilibrium. 
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CHAPTER 2 


LOGICAL STRUCTURE OF THE 
COURSE OF SOLID GEOMETRY 


Plane geometry is the branch of geometry that treats 
of the properties and relations of plane figures, i.e. of sets 
whose points lie in one plane. Solid geometry studies figures 
in space (three dimensions), both plane and nonplanar, 
such as straight lines, polygons, circles, planes, polyhedrons, 
spheres, cylinders, etc. Therefore, we consider plane ge¬ 
ometry as part of a more general course of solid geometry. 

Sec. 8. Structure of the Course 

of Solid Geometry. Notation and Terminology 

A systematic course of solid geometry is designed accord¬ 
ing to the same scheme as the course of plane geometry: 

(1) basic geometric notions introduced without definition 
are listed; 

(2) axioms describing the properties of the basic notions 
are formulated; 

(3) using the basic notions, other geometric notions are 
defined; 

(4) on the basis of axioms and definitions theorems are 
proved. 

These are the basic notions in solid geometry: point, 
straight line, plane, and distance^ We shall also use the set, 
which is a basic notion of all branches of mathematics. 

The set of all points considered in solid geometry is 
called space and is denoted by the letter R. Any figure in 
solid geometry is considered as a set of points. Consequently, 
a figure which does not coincide with the entire space is 
its subset. 
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We shall denote points by the capital Latin letters A, 
By C, . . straight lines by the lower-case Latin letters 
a, byCyPyQy. . and planes by the Greek letters a, p, y, . . .. 

We shall use here the following symbols, terms and 
definitions borrowed from the set theory in geometry. 

1 . A 6 p = point A belongs to the straight line p, or 
point A lies on the line p, or the line p passes through the 
point A. 

2. i4 6 a = point A belongs to the plane a, or point A 
lies in the plane a, or the plane a passes through the point A. 

3. p cz a = line p belongs to the plane a, or the line p 
lies in the plane a, or the plane a passes through the 
line p. 

4. A ^ py A ^ay p a = point A does not belong to 
the line p {A does not lie on the line p), A does not lie in 
the plane a, the line p does not lie on or in the plane a. 

5. (AB) = a line passing through the points A and By 
[AB] = a line segment with the end-points A and B, 0 = 
= an empty set, i.e. a set containing no points. 

6 . n = intersection, jj = join. For instance, p (] a = 
= Ay i.e. A is an intersection of the line p and the plane a; 
p = a n Pt Le. the line p is an intersection of the planes a 
and P; p n ^ = 01 I'll® lines p and q does not intersect. 
-4 6 a n P means that the point A belongs to the inter¬ 
section of the planes a and p, i.e. it lies in both planes. 

A join of sets is defined as a set consisting of those and 
only those points which belong to at least one of the given 
sets. For example, [AB] jJ [BC\ U [CA] is the contour of 
the triangle ABC; A\} B is a union of two points A and B; 
A U {AB) = {AB)y since A lies on the line {AB); A\}B[} 
U C c: p means that the points A, B, and C lie on one line p 
(i.e. they are collinear). 

1. A B means that the validity of the condition A 
causes the validity of the assertion B. For instance, if one 
of the angles of a triangle is a right one, then the other two 
of its angles are acute. As is obvious, the converse is not 
always true. 

8 . A <=> B means that the validity of B follows from the 
validity of A, and vice versa. For instance, if in a triangle 
the sum of two angles is equal to 90°, then such a triangle 
is right-angled. The condition “the sum of two angles of 
a triangle is equal to 90°” is equivalent to the condition 
“the triangle is right-angled”: {C = 90°) <=> (A + B = 90°). 
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•>. Tlie generality quantifier V is used as follows Vx, 
meaning for each x, or for any x. For instance, V natural n 
the number «(« + !) is even; a ABC the sum of its 
interior angles is equal to 180^; VA 6 circle with centre 
at point O the following relation is true: I OA I = r where 
r is the radius of the circle. 

» existential quantifier 3; 3x means “there exists 

X . For example, if | a |^1, then there exists a solution 
for the equation sin x = a. This can be written in a brief 
way: V 1 a j ^ 1 3x, satisfying the equation sin x = a. 


Sec. 9. Axioms of Belonging 

Our course of solid geometry is based on the fourteen 
axioms formulated by the well-known Soviet academician 
KoJrnogorov. These axioms are subdivided into five groups 
the first group containing the axioms of belonging. 

Axiom Ij. Any straight line p {and any plane a) is a non¬ 
empty set of points which does not coincide with the entire 
space R. There exists at least one straight line and at least 
one plane. 

Using the notation introduced, we may write this axiom 
as follows: 3 straight line p and 3 plane a, where p -f- Oj 
and p and al.so a ^ 0 , and a ^R. 

It follows from Axiom 1, that: 

( 1 ) since p there exists at least one point belong¬ 

ing to p: 3A e p. But p does not coincide with the entire 
space, therefore there exists at least one point not belongine 
io p: 3R ^p-, ^ ® ® 

(2) analogously, for the plane a : 3C 6 a and 3Z) tf a. 

Axiom 1 j. For any two different points A and R there exists 

one and only one straight line containing these points. 

Or briefly: VA the only straight line p id A (J R. 

According to the terminology introduced above (Sec. 8 , 
item 1 ), this axiom can be formulated using the “language” 
of geometry: through any two different points there passes one 
ana only one straight line. 

It follows from Axiom that two different straight 
lines may have not more than one point in common. 

Axiom I 3 . For any three non-collitiear points A, R, and C 
there exists one and only one plane containing these 
points. 
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Briefly this axiom is written in the following way: 
VA, and C not lying on one line, 3 the only plane 
ot ^ >1 U ^ U According to the terminology introduced 
in Sec. 8 (item 2), we may formulate this axiom using the 
“language” of geometry: through any three points not lying 
on one straight line there passes one and only one plane. 

It follows from Axioms l^, Ig, and I 3 that space R 
contains not less than four points. Indeed, according to 1^, 
in R there exist at least two points: A ^p and B ^ p, A 
According to I 2 there exists a straight line qz:> A [} B. 
Since q ^R (by virtue of Axiom l^), in R^C ^q, i.e. 

C =^A and C ^B. For three non-collinear points ^4, fl, C 3 

plane a zd A {] B \] C (by Axiom I3), and a =^/? (by 

Axiom li). Therefore in 3 point D ^ a, i.e. D ^A, D ^ 
^Bn, D ^C, So, there exist four different points 

in R. 

The following two axioms establish relations between a 
straight line and a plane. 

Axiom I 4 . If two different points A and B belong to the 
plane a, then all points of the straight line passing through 
the points A and B also belong to a. 

This is how this axiom is written in a brief form: 
(A U ^ Cl a) =»- {{AB) d a). According to the terminology 
introduced in Sec. 8 (item 3), let us formulate this axiom 
using the “language” of geometry: a straight line passing 
through two different points of a plane is contained in this 
plane. 

Axiom I 5 . If two different planes a and p have a point A 
in common, then their intersection is a straight line passing 
through the point A. 

The brief notation of this axiom: (A 6 « f| P) (a f] P = 
r= pzD A). 

Let us give some examples of such sets (spaces), in which 
some of the mentioned axioms are fulfilled. In mathematics 
such examples are called “models”. 

Example 1. The space R consists of two points A and B: 
R = {A, B}. Each of the points is both a straight line and 
a plane: pj = a = (A), pg = P = As is obvious, in 
this space Axiom Ij is fulfilled, while Axioms Ig and I 3 
are not. 

Example 2. The space R consists of three points A, B, 
and C: R = {A, B, C}. Sets consisting of one point will be 
called “straight lines”: p^ = {A}, pa = {S}, Pa = {C}, and 
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those consisting of two points we shall call “planes”: aj = 
= {A, B), aa = {A, C), ttg = {B, C), In this space, as 
can be easily checked, only Axioms and I 5 are fulfilled. 

Example 3. A space consists of four points A, /?, C, and 
/): R = {A, B, C, D). In this space the sets consisting of 
two points will be called “straight lines”: Px = {A, 5}, 
P 2 = {A, C), pg = (A, Z>}, etc. The sets consisting of 
three points will be called “planes”: = {A, 5, C}, = 
= {A, /?, D), = {A, C, D}, a 4 = {/?, C, D}. It is easy 
to check that the axioms to I 5 are fulfilled in this space. 

Example 4. Space consists of eight points:/?= (A, 5, C, 
D, Ey H, K, M}. In this case each pair of points is called 
a “straight line”, and any three points represent a “plane”. 
For this space Axioms to I 4 are fulfilled, and Axiom I 5 
is not fulfilled. Indeed, two “planes”, for instance, {BCH} 
and {CDK}y having a common point C, have no “straight 
line” in common. 

The existence of models for which the above mentioned 
axioms are fulfilled prove their consistency. 

Sec. 10. Axioms of Distance 

Three axioms of distance constitute the second group of 
axioms. They will help us introduce very important notions: 
“a point lies between two other points” and the “line seg¬ 
ment”. 

Axiom 2i. For any two points A and B of space R there 
exists a non-negative number denoted p (A, B) and called the 
distance from A to B, This distance is equal to zero if and 
only if the points A and B coincide. 

Using the symbols introduced, we may write this axiom 
in the following way: VA ^ R and B ^ R 3 number 
p (A, /?)^0, and (p (A, B) = 0) <=> (A = B). 

In this axiom the points A and B are not equal. The 
following axiom eliminates this “defect”. 

Axiom 22 - The distance from the point A to the point B 
is equal to the distance from the point B to the point A: 
p(A, B) = p(S, A). 

We may now speak simply of the distance between two 
points A and B. 

Axiom 2g (the triangle inequality). For any three points 
Ay By and C of the space R the distance between any pair of 
points does not exceed the sum of the distances between the 
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other two pairs, i.e. Vi4, B, and C cz R 

p (.1, C) < p {A, 5) + p {B, C); p {A, 5) < p {A, C) + 

+ P {B, C); 

p{B, C)^piA, C) + p{A, B). (1) 

Corollary. For any three points A, B, and C of the space R 
the distance between any pair of points is not less than the 
difference of the distances between the other two pairs: 

piA, C)^p{A, B)-piB, Cy, p(^, B)^p{A, C)- 

- P {C, By 

p (B, C)^p (B, A)-p (A, cy (2) 

The proof of this corollary is obvious. 

Joining the inequalities (1) and (2), we get the following 
inequality 

p {A, B)-p {B, C)<p (.4, C)^p {A, B) + p {B, C) 
and two similar ones. 

Definition 1. A point B lies between the points A and C 
if these three points are different and 

p(A, C) = p(A, 5) + p(i5, C). (3) 

Definition 2. A set consisting of two different points A 
and B and all points lying between them is called the line 
segment {AB\. ' 

The points A and B are called its end-points] the points 
lying between A and B are said to be internal points of the 
line segment. 

Example. In the space R = {A, B, C, D) considered 
in Example 3 of Sec. 9, let us introduce the distance between 
two points according to the following rule: 

p {A, B) = p {A, C) = p (A, D) = p {B, C) = 

= p{B, D) = p (C, D) = 1, 
p {A, A) = p (B, B)=p (C, C) = p (D, D) = 0 

We illustrated above that this space (a set of two points 
is a “straight line”, a set of three points is a “plane”) satisfies 
all the axioms of the first group. It is obvious that the 
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introduced number p satisfies Axioms and 2,. Let us 
clieck whether Axiom 2^ is fulfilled. For three different 
points the triangle inequality is fulfilled, since 1<1 + 1 
If the three points coincide, then Axiom 2, is also true 
(0^0 + 0). If, finally, two of the three points coincide 
then we get either 0 ^ 1 + 0, or 1 < 1 + 0. Thus, in the 
set under consideration all axioms of the first and the second 
groups are fulfilled. But in this space none of the points 
lies between other two points, since for three different points 
the equation (3) is not fulfilled. Hence, there is no line 
segment in this space. 


Sec. 11. Axioms of Order 


Axioms belonging to the first and second groups are not 
sufficient for establi.shing a complete course of solid geo¬ 
metry. The example considered in Sec. 10 shows that the 
.spaces generated by the.se axioms are very “poor”, i.e. they 
may consist of a finite number of points (four in the men¬ 
tioned example) and have even no line .segment. Moreover 
using axioms only of the first and second groups, we are 
unable to introduce the notion of the ray, half-plane, angle, 
etc. All these notions are introduced with the aid of the 
axioms of order. 

i^ioin 3,. Any point O of a straight line p divides the set 
of all points of this line which differ from 0 into two non¬ 
empty sets (OM) and (ON) according to the following 


(1) points A and B belong to different sets if O lies between 
them, i.e. p (A, O) + p (O, B) = p (A, B); 

(2) points A and H belong to one set if one of them lies 
between the point O and the other pointy i,e, o (O A) — 

^ P P B) = p (O, A) + p\a, B). 

liiacli of these sets is called the ray, A ray is said to be 
open if it does not contain the point 0\ if it contains O 
then it is said to be closed. The point O is called the initicil 
point or the origin of the ray. Often a ray with or without 
its initial point is called a half-line. 

Thus, each point of a straight line divides this line into 
two rays with the origin at this point. A closed ray (simply 
ray) contains the origin and an open ray does not. 

Example. Prove that of three different points lying on 
one straight line one is found between two others. 
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Solution. Let us take one of the given points, say, point 
A. According to Axiom 3j, the point A divides the straight 
line into two rays. If the points li and C lie on different 
rays, then this means that A lies between them. And if R 
and C belong to one ray, then either B lies between A and C, 
or C between A and B. 

Axiom 82 . For any non-negative number a on a given ray 
with the origin O there exists one and only one point A whose 
distance from the point O is equal to a, i.e. Va>0 3 A 6 
6 {OM) so that p (O, A) = a; V« 6 (OM) and B^Ap (O, B)^ 
¥=a. 

It follows from this axiom tliat: 

( 1 ) the ray contains an infinite set of points; 

( 2 ) on the given straight line containing the point 0, 
for a given distance a >0 there are exactly two points 
lying at a distance a from the point O. 

It follows from Axiom Sj and the axioms of distance 
(.see the example) that of any three collinear points one lies 
between two others. Is the converse true? 

The following axiom gives the answer to this ques¬ 
tion. 

Axiom 83 . // o point C lies between points A and B, then 
the points A, B, C belong to one straight line, i.e. if p {A, B) = 
= p (A, C) + p [C, B), then Bp A |J B \j C. 

Two corollaries follow from this axiom and the axioms 
of the first and second groups. 

Corollary 1. The line segment [A^l is a subset of the 
straight line (AB). 

In fact, {AB) is the only straight line passing through 
the points A and B (Axiom Ij). For any point C 6 \AB] 
the following equation is true: p (A, C) + p {C, B) = 
= p (A, B), which means that (Axiom 83) A, B, and C 
are collinear points, i.e. they lie on one .straight line which, 
obviously, coincides with {AB). Thus, any point of the 
line segment [AB] belongs to the straight line {AB). 

Corollary 2. For three points not lying on one straight 
line the following inequality is fulfilled: p (A, Z?) < p (A, C) + 
+ p (C, B). 

Indeed, for any three points A, B, C the inequality 
p (A, fi)-<p (A, C) + p {C, B) is fulfilled. If p (A, B) = 
= p (A, C) -j- p (C, B), then, according to Axiom 83, the 
points A, B, C are collinear, which is false. Consequently, 
p(A, fl)<p(A, C) -|-P(C, B). 
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Hence, the equation p (4, fi) = p (A, C) + p (C, B) is 
the necessary and sufficient condition of belonging of three 
points to one straight line. Using it, we may formulate 
Axiom I 3 in the following way: V points fi, C such that 
p (A, 5) < p (A, C) + p (C, B), 3 the only plane a zd 
ID A U 5 U C. 

Axiom 84 . Any straight line divides the set of not belonging 
to it points of plane a into two non-empty sets and 
according to the following rule: 

(1) points A and B qfz p belong to one set (a^ or if 
the line segment [AB] does not intersect the straight line p\ 

(2) points A and B p belong to different sets if the 
line segment [AB] intersects the straight line p. 

In the first case the points A and B are said to be not 
separated by the straight line p, in the second case they are 
separated by this line. 

The sets ai and obtained as a result of dividing the 
plane a by the straight line p are called open half-planes. 
An open half-plane with the straight line p adjoined to it 
is called a closed half-plane (or simply half-plane). 

Note, According to Axiom 1^, a straight] line does not 
coincide with the entire space. A stronger statement follows 
from Axiom 84 : for any straight line p contained in plane a 
there exist points in this plane not belonging to p, i,e. the 
straight line does not coincide with the entire plane a. 

The notions of the ray and half-plane were introduced 
with the aid of the axioms of the third group. The same 
axioms are sufficient to introduce the notion of half-space. 

Definition. The points A and B of space R not contained 
in plane a are said to be separated by this plane if the line 
segment [AB] intersects a, i.e. a fl [AB] The points 

A and B are not separated by the plane a if [AB] does not 
intersect a, i.e. afl [AB] = 0 . 

Thus, the plane a divides the space R into two halves 
/?! and /?2 called open half-spaces: the points A and B not 
lying on a belong to one half-space if they are not separated 
by the plane a. They belong to different half-spaces if they 
are separated by the plane a. 

Let us show that these half-spaces are not empty. Accord¬ 
ing to Axiom Ij, in R 3A ^ a. We take an arbitrary point 0 
on the plane a; by Axiom lo, the points O and A determine 
the straight line {OA), The point O divides this line into 
two rays. It is obvious, that all points lying on one ray 
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(there is an infinite set of them) belong to one half-space, 
and the points lying on different rays belong to different 

half-spaces. . 

An open half-space with the plane a adjoined to it is 

called a closed half-space (or simply a half-space). 


Sec. 12. Axiom of Plane Mobility 

Here are some examples of displacing a plane: identity 
mapping, translation, rotation, axial and central symmetry. 

To specify an onto mapping of a plane it is sufficient 
to supply each point X with its image / (X). The images 



Fig. 21 ^*8- 22 


may be chosen arbitrarily, provided the following condition 

is satisfied: / (X) =^f (X) for X 

Displacement keeps distances unchanged, therefore me 
images of points are related by the condition p (/ (X), 
f (yj) = p (X, Y), whence it follows that if there exists 
a displacement which maps the points A and ^ into Ai = 
= / (A) and Bi = f (B), where p (Ai, Bi) = p (A, B), then 
either C, or Ca may be the image of a third point C, since 
the distances / (C) from the points Ai and Bi must be equal 
to p (A, C) and p {B, C), respectively (Fig. 21). H means 
that if such a displacement Ai = f (A), Bi — f {B) exists, 

then it is not unique. , . , ^ 

Let us look for displacements in which the point A 
remains fixed, and B is mapped into Bi, i-e. / (^) = 
f (B) = Bi, where p (A, B) = p (A, B,) (Fig. 22). 

As is obvious, rotation about the centre A tlirougli an 
angle BAB^ and axial symmetry with the axis passing 
through the point A and perpendicular to BB^ are also 

45 





examples ot sucli displacement. Tbo question is; How many 
displacements leave tlie point A immovabie and map the 
point li into llic point /ij? ^ 

Thus, tiiere arise two questions; 

(1) Is there a displacement which maps two arbitrarily 

given points A and li onto arbitrary points A, and B 
satisfying the only condition p {A^, B^) = p {A, B)! * 

(2) Jiow many displacements are possible if only imaees 

of two points are indicated? ^ ^ 

m/i/Tr? to botli of tliem is given by the axiom of plane 

mobility constituting the fourth group of axioms 

and^ (A, B) - p {A B^), then there exist two and only two 
displ^ements f ami bringing A into A„ and B into /?, 

(imZlThl ft<^/f-plane a bounded by the straight line 
(AB) will be mapped onto one of the half-planes a, or hou/id- 

thenfX?=tv ^ 

Example. Prove that there exists axial symmetry. 
Solution. Let us begin witli the definition: axial sym¬ 
metry about the axis I is such a displacement which leaves 
the points of the line / immovable, while the half-planes 
separated by the axis I are mapped one onto the other. 

r/ Zh fplane into two half-planes 
a and p. Let us take on / two arbitrary points A 

According to Axiom 4, there exist two and only two dis- 

Snwfbringing the point A into A, and the 
point /i into One of these displacements is the identity 

Ma) =“ ’ ^ 

To complete the proof let us show that leaves the 
points of the line 1 m their places. Suppose that C is any 
point of 1 different from A and B. One of these points lies 

TheMsee ^ ^ 


or 


p (A, ifif) = p (A, C) + p (C, B), 

p (A, 5) = p (/, (A), /, (O) + p (/^ (C). h m- 

^nce / 2 (A) ==A and fi{B) = B, we have p (A, B) = 
- 9 {A, f^ (O) -f p (/._j (C), B), i.e. /ss (C) lies on the line Z 
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between A and B. If (C), then 

P (A- {Ch C) = p (^, C) - P (A, A (C)) = 

= p (^, C) - P (J^ (^). A (C)) = P (>1, C) ~ P (A. C)^0. 

Consequently, /o (C) = C. And if C<IA P A X 

X (C)) = p (A, /2 (C)) — p (A, C) = 0 and again C = A (C') 

Sec. 13. Axiom of Parallelism 

The fifth group of axioms consists of the axiom of paral¬ 
lelism. 

Axiom o. If a point A and a straight line p lie in a plane a, 
then in this plane there passes through the point A at most 
one straight line parallel to the given line p. 

This axiom emphasizes that the point A, the straight 
line p, and the line parallel to it lie in one and the same 
plane. 

The statement on uniqueness of a straight line passing 
through a given point in space parallel to the given line 
is a theorem. Its validity follows as a corollary from this 
and other axioms. 

Definition 1. Two lines p and q in space are called paral¬ 
lel if there is a plane in which they both lie, and either 
they coincide, or do not intersect. 

Definition 2. A straight line p is parallel to a plane a 
if p either lies in this plane, or has with it no points in 
common. 

Example. The space R consists of four points: R = 
= {A, 5, C, D). Any pair of the points is called a “straight 
line”, any three points a “plane”. Are there parallel “lines” 
in this space? 

Solution. By definition, each straight line is parallel to 
itself. Are there different pairs of parallel “lines” in this 
space? 

Any two non-intersecting “lines” do not belong to one 
“plane”, and, consequently, they are not parallel. Any two 
“lines” lying in one “plane” intersect. 

Hence, there are no different parallel “lines” in tJie 
given space. By the way, let us point out that any “plane” 
of this space does not contain different parallel “lines” 
either. 
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Sec. 14. Corollaries Following from 
the Axioms 

Corollary 1. Through a straight line p and a point A 
not on the line only one plane can be drawn. 

Given: a line p and a point A^p. 

Prove: 3 the only plane a id .4 U p. 

Proof. There are two difierent points B and C on the 
line p. Three non-collinear points A, B^ and C specify the 
unique plane a, containing these points (Axiom Ig). Any 
other plane containing p and A contains A, fl, and C and 
therefore coincides with the plane a, i.e. the plane a is 
unique. 

Corollary 2. Through two intersecting lines only one plane 
can be drawn. 

Given: two straight lines p and q, p p[\ q =^0- 

Prove: 3 the unique plane a id p [J q. 

Proof. Let us denote the point of intersection of p and q 
by A. On the line p 3B = 7 ^A, and on the line g 3C =^A. 
Three points A, By and C not lying on one straight line, 
determine the unique plane a, which contains these points. 
Since A and B belong to a, then also p cz a (Axiom Ig); 
since A and C belong to a, then q cz a. Any other plane 
containing p and q contains the points Ay By Cy and there¬ 
fore coincides with a. 

Corollary 3. Through two different parallel straight lines 
it is possible to draw only one plane. 

Given: p || g, p =^g. 

Prove: 3 the unique plane a =5 p jj g. 

Proof. By the theorem, straight lines p and g lying in 
space are parallel. Consequently, they belong to some 
plane a (by the definition of parallel lines in space, see 
Sec. 13). 

Let us show that this plane is unique. To do this we 
take two points A ^B on the line p, and a point C on the 
line g. Any plane containing p and g must also contain the 
points Ay By C which are not collinear, and such a plane 
is unique. 

Corollary 4. Through any point in space there passes 
one and only one straight line parallel to the given 
line. 

Given: a straight line p, and a point A. 

Prove: 3 the unique line g || p. 


Proof. U A ^ p, then q = p- Suppose A ^p. Through 
the point A and line p there passes the unique plane a (Corol¬ 
lary 1). In this plane there exists the unique straight line 
passing through A and parallel to p. Any other straight 
line passing through the point A parallel to p must lie in 
one plane with them, i.e. in the plane a. Hence, it coincides 
with q. 

Note. While proving Corollary 4, we also indicated the 
method of constructing a straight line in space parallel to 
a given one. 


CHAPTER 3 


PARALLELISM IN SPACE 


Sec. 15. The Relative Position 

of Two Straight Lines in Space. 

The Relative Position of a Plane and a 
Straight Line in Space 

Two straight lines in space may: 

(1) lie in one plane and 

(a) have only one point in common: p ^ q = A (the 
lines intersect); 

(b) have no points in common (the lines are parallel); 

(c) coincide (the lines are parallel); 

(2) not lie in one plane (the lines are skew). 

Definition. Straight lines p and q are said to be skew 

if there is no plane containing both of them. 

Hence, two straight lines in space either intersect, or 
not. In the latter case they are parallel or skew. 

Problem. Given a straight line p. Find a straight line q 
which does not intersect p, nor is parallel to it (i.e. p and q 

must be skew). 

Solution. By Axiom 1^ 
3A ^ p, and by virtue of Corol¬ 
lary 1 of Sec. 14, 3aiD p U-4 
(Fig. 23). According to the 
same axiom 35 ^ a. Conse¬ 
quently, the straight line 
q = (AB) does not belong 
to a either. Moreover, there 
is no plane containing p 
and q. Indeed, any other plane 
P ZD p U q must contain p 
and A simultaneously, i. e. must coincide with a (Corol¬ 
lary 1 of Sec. 14), which is false, since B (jia. Hence, p 
and q are skew lines. As is obvious, the problem has an 
infinite number of solutions. 
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A straight line p and a plane a may have: 

( 1 ) only one common point: p f| a = ^4 (the line p 
cuts the plane a at point A , which is called the trace of the 
line on the plane a); 

(2) more than one comnK)u point (then, according to 
Axiom I 4 , p cz a, i.e. p is parallel to a); 

(3) no points in common (p is parallel to a). 

Thus, a straight line and a plane in space either inter¬ 
sect, or are parallel to each other. 


Sec. 16. Parallelism of a Straight Line 
and a Plane 

Tbeorein 1. A straight line p parallel to the straight line q 
is parallel to any plane passing through q. 

Given: p \\ q, g c a. 

Prove: p || a. 

Proof. If a p, then p 1 | a. Suppose p Ct a (Fig. 24). 
Let us draw p ^ p (J 9 (see Corollary 3 of Sec. 14). Since 
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Fig. 24 

hypothesis) and yep (by construction), then 
^ II ^ ^ rJ?,’ assume that the theorem is not true i e 

p il. a- Then 3C = p n a (Fig. 24). Since Cep.’ and 
pc p then Cep and consequently, C e a fl P = y. Hence, 
c 6 P n ^ which IS false, since p \\ q, 

4 2. If a plane P passes through a line p parallel 

to plane a and intersects a, then the line of their inter¬ 
section g = a fl p is parallel to p. 

Given: P c p, p || a, y = « n p. 

Prove: p || y. " 

Proo/. Suppose that p if. y. Then 3C = p f) y (Fig. 25). 
Since C e y, and ye a, then C e a. Hence C e P fl 
which IS not true, since p || a. 11 . 


4 * 
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Theorem 3. A straight line p, which is parallel to each 
of two intersecting planes a and p, is parallel to the line of 
their intersection (Fig. 26). 

Given: p || a, p 1| p, q = a 

Prove: p || q. 

Proof. If p cz a or p cz p, tlien it follows from Theorem 2 
that .p II a n P = g. 

Suppose p and p c£ p. Let us draw a plane y through 
the line p and a point A ^ a (] p. According to Theorem 2, 



p II a n y and p II p n Yi P parallel to the two lines 
passing through a common point A, whence it follows that 
those lines coincide: a (] Y = Pn Y = Consequently, 
p II q^. Since gi cz a and q^ cz p, we have = a fl P = 
Hence, p || q. 

Sec. 17. Parallel Planes 

Definition. Two planes are called parallel if they have 
no points in common, or if they coincide. 

Thus, two planes in space either intersect, or they are 
parallel to each other. 

Theorem 1 (the test for parallelism of two planes). If 
two intersecting lines contained in plane a are respectively 
parallel to two lines contained in plane p, then these planes 
are parallel. 

Given: p[} qc: a, p % q, Pi U 9i P. Pi II P. 9i 11 9 
(Fig. 27). 

Prove: a || p. 

Proof. Suppose the opposite, i.e. a 'Us p. Then a and p 
intersect along a straight line / = a fl p. Since p || Pi and 
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q W Qi, we liave p || I and q \\ I (according to Theorem 2 of 
Sec. 16). Thus, from the supposition a ^ p it follows that 
two intersecting lines p and q are parallel to one and tlie 
same line /, which is false. Plence, a || p. 

Theorem 2. Straight lines p and q obtained in intersecticn 
of two parallel planes a and ^ by a third plane y are parallel 
to each other. 

Given: a|lP, /> = anT, 9=^(1? (P'g- 28). 

Prove: p || q. 

Proof. If a = p, then p = q and, hence, p || q. Suppo?) 
now that a f| P = 0- The lines p and q lie in one plane y. 



therefore either p \\q, or pf\ q = C. ][ p [\ q = C, then 
C ^ p a a and C ^ q cz p, i.c. the planes a and p have a 
common point C, which is false, since a || p. Hence, p || q. 

Theorem 3. The segments of parallel lines contained be¬ 
tween parallel planes have equal lengths. 

Given: a || p, p \\ q, = a /^ R = a Q q, C = 

= Pnp. Z? = Pn7 (Fig. 29). 

Prove: \ AC \ = | RD |. 

Proof. Let us produce a ])lanc y througli the parallel 
lines p and q. This ))lane will inter.sect the planes a and p 
along parallel lines {AR) = a [\ y and {CD) = p p y (ac¬ 
cording to Theorem 2). Since {AR) || {CD), and {AC) || {RD), 
the figure ARCD is a parallelogram and, con.sequently, 
\AC\=\RD\. 

Problem 1. Through the point A draw a plane p parallel 
to a given plane a. 
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Solution, If i4 f a, then the required plane p = a. Let 
yl ^a. In the plane a we draw two intersecting lines p and q 
(Fig. 30), and then from the point A we construct pi || p 
and || q (see Corollary 4 of Sec. 14). The plane passing 



Fig. 29 




through the lines pi and q^ is the required plane p (according 
to Theorem 1 of Sec. 17). As is obvious, the problem has 
a unique solution. 

Thus, we have obtained another important result: 
through a given point it is possible to draw one and only one 
plane parallel to a given plane. 

Problem 2. Through the line p draw a plane a parallel 
to the given line 1. 

Solution. Let us consider three cases: 

(1) p II Z. Then any plane passing through p is parallel 
to Z (according to Theorem 1 of Sec. 16). The problem has 
an infinite number of solutions; 

(2) the lines p and Z intersect. Then the plane a passing 
through p and Z contains Z and, consequently, is parallel 
to Z. In this case the solution is unique. 

(3) p and Z are skew lines. Let us take an arbitrary 
point A ^ p (Fig. 31) and, through it, draw a straight line q 
parallel to Z (see Corollary 4 of Sec. 14). Two intersecting 
lines p and q specify the unique plane a. Since Z || <7 and 
g cz a, we have Z || a (according to Theorem 1 of Sec. 14). 
Prove that in this case the problem also has only one solu¬ 
tion. 
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Sec. 18. Direction in Space. The Angle 
Between Two Lines 

Theorem 1. Two straight lines p and I separately parallel 
to a third line q are parallel to each other. 

Given: p\\q, I || q. 

Prove: p || 1. 

Proof. Let us take an arbitrary point A ^ p (Fig. 32) 
and draw a plane a id ^ U <7 and a plane P zd .4 [J L Since 
I II q, and g cz a, we get I || a (according to Theorem 1 of 


A p 




Sec. 16) and, hence, / || vX fl p ** Pi (according to Theorem 2 
of Sec. 16). 

Let us now show that p^ = p. Since q 1| then q || p, 
and therefore g || a fl P = Pi- Thus, g || pi and g || p, where 
Pi n P 3 Hence, p = Pi and I || p, which was required 
to be proved. 

It follows from Theorem 1 that parallelism of straight 
lines has the transitive property: if p || g, and g || /, then 

P II 

Definition 1. The set of all the lines parallel to one and 
the same line is called the sheaf of parallel lines. 

It follows from the transitive property that any two 
sheaves of parallel lines are parallel to each other. 

Let us consider two rays h^ = I0i4i) and h^ = ( 02 ^ 2 ) 
lying on different parallel lines p and g (Fig. 33). The straight 
line (O 1 O 2 ) divides the plane a containing the lines p and g 
into two half-planes and 

Definition 2. The rays h^ and h^ lying on different parallel 
lines are said to be co-directed {h^ ff lu), if they lie in one 
half-plane bounded by the straight line passing through the 
origin of the rays (Fig. 33); the rays hi and /ig are said to be 
oppositely directed (hi ho), if they lie in different half¬ 
planes (Fig. 34). 
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If the rays and h^, lie on one line, then if 

hi n h^ is a line segment (Fig. 35), and hi ff ho if hi H h^ 
is a ray (Fig. 36). 

As is obvious, if hi ff h^ and h^ ff h^, then hi ff h^- 
The set of all co-dirccted rays emanated from each point 
of space is said to specify a definite direction in space. Since 




co-direction of rays has the transitive property, direction 
in space is defined by specifying any ray drawn from any 
point of the space. 

Let two rays [OA) and lOB) emanate from the point O. 
If \OA) ff [OB), then these rays specify one direction, and 

we then suppose that ([0^4), [OB)) = 0°. If [OA) and [OB) 


[o,Af)n[02AA=[o,o^l 

-^^ 

Af 


[0,Af)n[02A2) 

i - 1 - mmmmmm. 

0 \ ^2 ‘^1 ^2 


Fig. 35 


Fig. 36 


are not co-directed, then these rays specify different direc¬ 
tions. The angle between these directions is defined as the 
magnitude of the convex angle bounded by the rays [OA) and 

[OB). Obviously, in this case 0° <1 {\OA), [OB))^180°, 

where {[OA)AOB)) = 180°, if [OA) tt [OB), i.e. if the 
rays specify opposite directions. 

Let us show that the angle between the directions is 
independent of the choice of point O. To this purpose we 
are going to prove the following theorem. 

Theorem 2. Two convex angles with respectively cO’directed 
sides are congruent. 










Given: 10^4) ff [OiAi), [OB) ff [OiBi). 

Prove: Z^AOB ^ /^A^O^B^ (Fig. 37). 

Proof, Through the intersecting lines (0-4) and (OB) 
we draw a plane a, and through the lines (Oi-4i) and (Ojfii) 
a plane p. According to Theorem 1 of Sec. 17, a 1| p. We 
then lay off congruent segments [0-41 = [OZ^l ^ [OiAil = 
^ lOiBil on the sides of the angles AOB and A^OiB^^ and 
draw straight lines (A-4i), (BB^^ (OOj), (AZ?), and (-d^Bi). 




The quadrilaterals OOi-4i-4 and OO^B^B are parallelograms, 
therefore (OOi) || (AA^), (00^) || (BB^), and hence, 1 AA^ | = 
= I BBi I (by Theorem 3 of Sec. 17). Whence it follows that 
AA^BiB is a parallelogram, and ] AB | = | A^Bi 1. Thus, 
the isosceles triangles AOB and Afi^B^ are congruent, and 
hence the angles AOB and A^O^B^ are congruent. 

Thus, the angle between two directions is defined as the 
magnitude of a convex angle bounded by any two rays of 
these directions emanating from one arbitrarily taken point 
in space (see Fig. 38). 

Intersecting lines determine two pairs of vertical angles. 
The magnitude of the smaller angle is called the angle between 
the given lines. If the lines are parallel, then the angle be¬ 
tween them is considered to be equal to zero. 

The angle between skew lines is defined as the angle be¬ 
tween two intersecting lines respectively parallel to the 

given skew lines. Hence, 0°-<;(p, g) ^ 90°. 

Straight lines p and q are said to be mutually perpendicular 
(j) A. q) if the angle between them is equal to 90°, i.e. 
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(/^) 9 ) = 90 . Perpendicular lines eitlier intersect, or rep¬ 
resent skew lines. ^ 

Example. Con.sider the cube AliCDAiB^CiDi (Fig. 39 ). 
As is obvious, {AC) and (liiDi) are skew lines. Since lAC) jf 

ft [A,Cj)^nd lIi,Di) ft WiDi), then ((AcC(5iO,)) = 

= (SiDj)) = 90°, i.e. (AC) is perpendicular to 

(tflUi). (BC) and (AyCj) are also skew lines. Since [AC) ff 

ft fAiCj), and \RC) ff \BC),, we have ((AiCJ, (BC)) — 

= ((AC), (BC)) = 45°. 

Sec. 19. Parallel Projecting 

Let in space R there bo given a plane a (the plane of 
projection) and a straight line / (the direction of projecting) 
which is not parallel to the plane a (Fig. 40). Let us then 



take an arbitrary point A anil draw through it a line p 
parallel to Z. Since p is not parallel to a, the line p will cut 
the plane a at a point Ap The point Ai thus obtained is 
called the parallel projection of the point A on the plane a 
in the direction / or simply the parallel projection: A, = 
= pr^A. 

If each point of a figure U) is projected on the plane a 
then the set of projections of all the points of the figure 0 ) 
form a plane figure (pj, which is called the parallel projec- 
tion of the figure ci) on the plane a: Oj == pre^O. 

The operation of constructing a parallel projection is 
called parallel projecting, 
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Let us study the elements and properties of various 
figures which remain unchanged in parallel projecting. 
In general, the properties of figures which remain unchanged 
in a given transformation are called invariant with respect 
to the given transformation. The numbers related with the 
given figure and remaining unchanged in its projection are 
called invariants of the given transformation. 

For instance, any displacement in the plane keeps the 
distances between any two points unchanged. Consequently, 
distance is the invariant of this displacement. 

The magnitudes of angles, as also the ratios of lengths 
of rectilinear .segments are the invariants characterizing 
homothety on the plane. 

Let us single out the invariant properties and the in¬ 
variants of parallel projecting. 

Theorem 1. The parallel projection of a straight line p 
is either a point, or a straight line. 

Given: the plane of projection a, the direction of pro 
jection I, and a straight line p. 

Prove: pr;, p = Pi, is either a straight line, or a point. 

Proof. 1. If p 11 I, then pr„ p = Pi = where the 

point AI is the parallel projection of the line p. 

2. p % 1. Let us draw a plane P through p and parallel 
to I (Problem 2 of Sec. 17), wliich will intersect the plane a 
along a straight line p^ = a f) P (Fig- ■'<!)• Plane p is called 
the projecting plane. 

Let us .show that pi = pr^ p. Project an arbitrary point 
B ^ p on the plane a, for which purpose we draw a straight 
line q from point B in the plane p and parallel to I, which 
will intersect p^ = a f) P at point /?i. Obviously, q || Z. 
Thus, all points of the line p are projected into the line pi, 
and, conversely, any point Ci ^ Pi is the projection of some 
point C ^ p, which was required to be proved. 

Theorem 2. Parallel projections of parallel lines (which 
are not parallel to the direction of projecting) are parallel. 

Given: p |1 q i- Z, the plane of projection a. 

Prove: pr„ P II pr„ < 7 . 

Proof, We draw projecting planes p and y tlirough the 
lines p and q. In the plane p 3pi || Z, in the plane 7 3qj || Z 
(Fig. 42). Consequently, the two intersecting lines p and pi 
in the plane p are respectively parallel to the two inter¬ 
secting lines q and q^ in the plane y, from which it follows 
that p 11 Y ZThnorem 2 of Sec. 17). According to Theorem 2 
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of Sec. 17 llie plane of projection a intersects 6 and v alone 
the parallel lines pr„ p = a p p and pr^ <7 = a p V. Thus, 
P^a P II pra < 7 , which proves the theorem. 




Fig. 42 


Theorem 3. The ratio of the lengths of segments of a line p 
is equal to the ratio of the lengths of their projections. 

Given: [AB] cz p, \BC\ c p, the plane of projection a, 
the direction of projecting /, [A^B^] = pr„ [AB\, [B^Ci] = 




== pr^ [BC]. 


Prove- - II 

Proof. The line p and its projection p^ lie in a projecting 
plane p. The line segments [AyB^] and [B^Ci] are obtained 
as a result of intersecting the lines p and p^ by the parallel 

lines (5/?,), and (CQ (see Fig. 43). Hence, = 

M,«il 



















Problem. Prove that the ratio of the lengths of parallel 
line segments is equal to the ratio of the lengths of their 
parallel projections (Fig. 44). 

Solution. Let us draw a plane P through the parallel 
lines {AIJ) and {CD). We then project the quadrilateral 
ABDC on the plane a. As is obvious, AiBiD^Ci = pr^ ABDC. 
The line segment [CE] which is parallel to [DB] cuts off a 
parallelogram CEBD from the quadrilateral ABDC. Accord¬ 
ing to Theorem 2, the quadrilateral CiEiD^Bi is also a 
parallelogram, since [C^E^ || [DiSj], [E^Bi] || ICiDJ. Using 
Theorem 3, we now have 

_ \A,B,\ \AB\ _ \A,B,\ 

\EB\ \E^B,\ » '''' \CD\ IC,D,\ ’ 

since | EB | = | CD \ and | E^B^ \ = ] CJ)^ |. 

From the above theorems and the last problem it follows 
that parallel projecting preserves: 1°—linearity, 2^—paral¬ 
lelism, 3®—the ratios of the lengths of parallel segments. 


Sec. 20. Representation of Figures 
in Solid Geometry 

In plane geometry we are used to represent a figure by 
any figure similar to the given one. For instance, the repre¬ 
sentation of a square is a square, the representation of a 
regular triangle is a regular triangle, the representation of 
a rhombus is a rhombus with the same angles, and so on. 

In solid geometry representation of figures is a more 
complicated task, since we come across additional difficul¬ 
ties. On a sheet of paper (i.e. on a plane) we have to represent 
both plane figures lying in different other planes, and space 
figures. To perform this task we use the method of parallel 
projecting. 

The representation of a figure in solid geometry is defined 
as any figure which is similar to the parallel projection of 
the given figure on some plane (say, the plane of the drawing), 
provided this plane is not parallel to the direction of pro¬ 
jecting. 

Let us consider the representation of some basic figures 
in solid geometry. 

1. The Triangle. According to the property 1°, the tri¬ 
angle is represented by a triangle. It should be borne in 
mind, that an equilateral triangle may be represented by a 
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scalene triangle if the plane containing the given triangle 
is not parallel to the plane of the drawing. However, the 
inidline and the median of the triangle are represented by 
the midline and the median of the triangle obtained. 



Fig. 45 


2. The Quadrilateral. According to property 1®, the 
quadrilateral is represented by a quadrilateral. Due to 




property 2®, the parallelogram (as well as its particular 
cases-the square and the rhombus) is represented bv a 
parallelogram. 

The trapezium is represented by a trapezium, the ratio 
of the lengths of the parallel sides of the given trapezium 
being equal to the ratio of the lengths of these sides in the 
representation. 

3. The Polygon. The polygon is represented by a polygon 
with the same number of sides. In particular, a regular 
hexagon is represented by a hexagon, in which the diagonals 

62 







are bisected in the point of their intersection, and the oppo¬ 
site sides are parallel (Fig. 45). 

4. The Tetrahedron. If the direction of projecting is 
parallel to a lateral edge of the tetrahedron, then the latter 
is projected into a triangle (Fig. 46). Of course, this is 
a particular case. In general, the tetrahedron is represented 
by a quadrilateral SABC, which may be convex (as in 
Fig. 47,a) or non-convex (as in Fig. 47,6). 

5. The Prism. If the direction of projecting is parallel 
to a lateral edge of the prism, then the latter is represented 



by a polygon coinciding with the representation of the base 
of the prism. In all other cases the prism is projected into 
a plane figure (Fig. 48) consisting of two congruent polygons 
(the projections of the bases) displaced parallel with respect 
to each other l(4B) H (fiC) H 

(AD) II (i4,Di)], and the parallelograms ABB^Ax, tsLLytSi, 
etc., which are the projections of the lateral faces of the pri.sm. 


Sec. 21. Worked Problems 

Problem 1. Through the point A draw a straight line p 
parallel to each of the two intersecting planes « and p. 

Solution. The required line p, being parallel both to a 
and p, must be parallel to the line of their intersection 
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n P (l>y Theorem 3 of Sec. 16). Conversely, if p || a f] Pi 
then p II a and p || P (by Theorem 1 of Sec. 16). 

Thus, the problem is reduced to constructing a straight 
line passing through the given point A parallel to the given 
line a n P (Sec. 14). 

Problem 2. The base of a regular pyramid is a square 
with the side a. The lateral edge of the pyramid is equal 
to b. Find the angles between skew edges of the pyramid 
(Fig. 49). 

Solution. Each lateral edge of the pyramid forms skew 
lines only with two edges of the base, and each edge of the 
base, with two lateral edges. These are examples of skew 
lines: {SD) and {AB), {SD) and (/?C), (AB) and {SD), (AB) 
and (SC) (Fig. 49). Since (AB) || (DC), and (DC) || {AD), 

then {{SD)^^AB)) = SDC, {{SD^^CB)) = and 

SDC = SDA . From the triangle SDC we find that cos SDC = 
= a/26. 


Thus, the angle between any pair of skew lines of the 
given pyramid is equal to arccos a/26. 

Problem 3. The quadrilateral AiBiCiD^ is the represen¬ 
tation of a regular triangular pyramid. Construct the repre¬ 
sentation of its altitude dropped from the vertex D^ (Fig. 50). 

Solution. The foot of the altitude, i.e. the point is 
the centre of the base of the pyramid, and, consequently, 
this is the point of intersection of its medians. Since the 
medians of the triangle are depicted by the medians of its 
representation, the projection of the point D^ is the point 
of intersection of the medians of the triangle A^B^C^. Join¬ 
ing it to the vertex D^, we get the representation of the 
altitude of the pyramid {{OJ)^ in Fig. 50). 

Problem 4. The triangle AiB^C^ is the representation 
of a triangle ABC. Construct the triangle ABC given its 
vertex A and a straight line p = {ABC) f] {A^B^Ci) (Fig. 51). 

Solution. Let us consider two sides of the triangle A^B^C^ 
which are not parallel to p, say [A^B^] and [B^C^]. Obvious¬ 
ly, the line {AB) and its representation {A^B^ intersect at 
some point M ^ p, while the line {BC) and its representation 
(DiCi) do at some point N ^ p. Since B^ is the representation 
of B, and A^ is the representation of .4, we get {BiB) || 
II (41^4). Consequently, the vertex B is the point of inter¬ 
section of the lines {MA) and {BBy) which are parallel to 
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(/l/li). Analogously, the point C is the point of intersection 
of the lines {NIi) and {CCi) which are parallel to {AA^. 

llie above reasoning yields the following method of 
construction. I.et us extend the sides {A^B^) and to 



Fig. 50 Fig. 51 


intersect p at points M and N. Joining the points M and A^ 
we draw {BBy) parallel to i^\A^) to intersect (MA) at point B. 
We then join the point B a 

thus obtained to the point N 
and draw {CC^) parallel to 
(AA^) to intersect (NB) at 
point C, ABC is the required 
triangle. Indeed, the vertices 
A, B, and C lie in one plane 
with the line p, B^ and 
being representations of B 
^ndCl(BB,) II (CC,)\\{AA,)l 
Problem 5. The triangle 
AiBiCi is the representation 
of a triangle ABC, Construct 
tlie triangle ABC given the 
centre O of the circle circum¬ 
scribed about the triangle, 



Fig. 52 


its representation and a line p = {ABC) f] {A^B^C^). 

Solution, Suppose (AiB^) is not parallel to p, and Di 
is the midpoint of [A^Bi] (Fig. 52). Obviously, lOiDi] is 
the representation of the line segment [OD\ which is per¬ 
pendicular to [AB] at its midpoint D. The lines {OJ)^ 
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and (OD) intersect at some point* D 2 cz p. Similarly, (Ali) 
and (Ailii) intersect at some point M 6 p, {MA) being per¬ 
pendicular to {OD). Consequently, the vertex A is the point 
of intersection of the line (^i^) parallel to {0^0), and the 
lino {MA) perpendicular to {OD). 

Reasoning in such a way, we come to the following 
method of construction. Join O^ to Dx which is the midpoint 
of the line segment [AxBx^ and extent {OiDx) to intersect 
the line p at point D^- Joining D^ to O, we get the line 
{OD). Let us now extend {AxBx) to intersect p at point Af, 
and from this point draw a line perpendicular to (5z?), and 
from the point Ax a line parallel to {0x0). The point of 
intersection of these lines will be the required vertex A. 
Thus, we have reduced our problem to the preceding one. 


PROBLEMS TO CHAPTER 3 

1. a and ji are parallel planes. Prove that any straight 
line p cz a is parallel to p. 

2. Prove that the set of all straight lines passing through 
a point A and parallel to a given plane a is a plane parallel 
to the plane a. 

3. Given two skew lines p and q. Through a point A 
not belonging to these lines draw a straight line intersecting 
p and q. How many solutions has this problem? 

4. With the same conditions, through a point A draw 
a line to form skew lines with p and q. How many solutions 
has this problem? 

5. From a point M belonging to neither of two parallel 
planes two straight lines are drawn intersecting the planes 
at points A, B, and Ax, Bx, respectively. Find the length 
of the line segment [AAx] if | BBx | = 28 cm and I MA I : 
: \ AB \ = b : 2. 

6. Points M, N, and P are given on the edges (£>.4], 
[DB], and [DC] of a pyramid ABCD. Construct the point 
of intersection of the plane {MNP) and the line segment 
[DE\, where E is the point of intersection of the medians 
of the base ABC. 


• We suppose that 0,Z>, is not parallel to p, otherwise OD is 
parallel to p. Consider this case independently. 
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..f tJ'e midpoints of tho edges [AD] and \IiD\ 

of a tetraliedron a plane is drawn parall?! to the e ee 
Cjonstruct the lines aloncr ivhi/'K i • ^ 

ednes of tl.n (oitl f I intersects the 

= a! ‘■^fr^liedron. Compute their lengtlis if | .4/i | = 

f/ini' “i<*points of the edges M«I and 

IS drawn through the points M, N 
and P. Construct the lines of inter¬ 
section of this plane with the edges 
of the tetrahedron ABCD. Compute 
the lengths of these lines if ABC 
IS a regular triangle with the side a, 

and I AD \ = \ BD \ = \ CD ] = b. 

y. Given a cube ABCDAiB,C,D, 

A point M belongs to [AA^] and 
point N to iZfZfjl, where [AM \ = 

: 1^1 1 = 2: 1.' L^nstrliS^the 

Iho area of the aoclion if ILe oHgrof iLube ifo^rC 

the piinl 

edges UBl and ICOI with IbeNiJ^iXc-T'"® 

the|4rtration ofTSudS if it: atTetgle^'^fq'al 
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CHAPTER 4 


TRANSFORMATION OF SPACE. 
VECTORS 


Sec. 22. Transformation of Space 

We shall study here the general properties of space trans¬ 
formation and its particular kinds—translation and homo- 

*^''^Dcfinition 1. Transformation of space is defined as onto 
mapping such that to two different points of space there 
correspond two different images. u 

If we denote the transformation of sp^e by /,th^ 

follows from this definition that f {A) z^ f{B) w =#= • 

Definition 2. The onto mapping preserving distances is 

caUed a displacement. 4iB\\ — n(A 

Consequently, we may write p (/(^), 

^ \l^nce°it follows that any displacement is a univalent 
mapping and therefore there exists for it an inverted map¬ 
ping. A mapping which is an inverse to displacement is obvi 

us mention the basic properties of displacement in 

Identity transformation of space is a displacement. 
(2) Displacement maps a line segment into a line segment 
of the same length, a straight line into a straight line, a plane 

mfo a j jjiaps the half-space bounded by a 

plane a into a half-plane bounded by the ^ 

^ (41 Displacement preserves parallelism of straight tines, 

nlanes as well as of a straight line and a plane, 

{b) Displacement maps an angle into an angle of the same 

magnitude, 
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Let us prove, for example, that a displaced segment re¬ 
tains its length. 

Suppose Ai =/(.4) and f {B). For any interior 

point C 6 {AB\ we have p (^4, C) + p (C, B) = p (^, B) 
(see Sec. 10). Then, according to the definition of displace¬ 
ment, for the point Ci = f (C) the equation p {Ai, Ci) + 
+ p (Cl, /?|) = p (ill, Si) is satisfied, i.e. Ci lies between i4i 
and Si, and therefore belongs to UiSil. 

Thus, the image of any point on [i4Sl belongs to [iliSil. 
On the other hand, any point of the segment [AiBi] is the 
image of some point on lAB]; if Mi ^ [AiSi], then Mi is the 
image of the point M 6 I^S] such that ] AiMi | = | AM |. 

We leave the proof of the other properties to the reader. 

Definition 3. The figure Oi is said to be congruent to the 
figure O if there exists a displacement which maps O onto (l>i. 

Congruence of figures has the following properties: 

1® <J) ^ d) (I'eflexivity). 

Indeed, an identity transformation maps O onto O. 

2° If (l\ ^ O, then O ^ (I>i {symmetry). 

In fact, if the displacement / maps ® onto Oi, then the 
inverse transformation, which is also a displacement, maps Oi 
onto O. 

3°. If O ^ Oi and ^ Oa, then O ^ O 2 {transitivity). 

Indeed, suppose /i and /o are two displacements mapping 
d) into Oi and into O 2 , respectively. Successive accom¬ 
plishment of these displacements is, obviously, a displace¬ 
ment. Putting / = /i-/ 2 » we have 

/ m = /2 (/i m) = h m = 

whence it follows that O ^ 02 . 


Sec. 23. Translation in Space 

Definition. Translation in space is defined as an onto 
transformation which displaces all the points in one and 
the same direction over one and the same distance (Fig. 54). 

If / is a translation and Ai == f (A), Bi = f (fi), then, 
according to this definition, | AAi | = | BBi | and [i4^i)ff 
ttl/ifii). 

Let us show that translation in space is a displacement, 
i.e. that for any points A and B in space the equation p (yl, 
B) = p (/ {A), f (/?)) is fulfilled. 
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To do this, we consider the quadrilateral ABli.A,, where 

^ I I = I 5/?, I 

tt ABBiAi is a parallelogram, from which 

it follows that I AB | = | A^Bi |. 



Hence, in translation all the properties listed in Sec. 22 
arc observed. 

In tlie ne.xt section we sliall establish connection between 
translation and vectors in space. 

Sec. 24. The Vector Defined 

1 he notion of vector in .space (in solid geometry) is intro¬ 
duced in the same way as in plane geometry. 

Any ordered pair of noncoincident points {A, B) deter¬ 
mines a directed line segment with the initial point A and B 
as the end-point (Fig. 55). 

Definition 1. A geometric vector, or simply a vector AB 
is de.scribed as a directed line .segment with A as the initial 
point and B as the terminal point. 

The end of a vector is marked with an arrow. It is common 
practice to denote a vector by a single bold symbol (usually 
the lower-case Latin letters a, h, r, etc.), or in the fol¬ 
lowing way: a, b, c, ... . 

The vector whose initial point coincides with its terminal 

point is called a null vector. The length of the vector ^B 
is equal to the length of the line segment The length 

of a null vector is obviously equal to zero. The length of 

a vector is denoted as follows: | Atf |, or | a |. 

Direction of the vector AB is defined as the direction 
determined by the ray [AB). This means that direction in 
space may be specified by a vector, or more exactly, by its 
direction. 
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Using the notion of vector, we may define translation in 
space as a transformation which displaces all points of a 

space in the direction of a given vector over one and the 
same distance equal to the length of the vector AB (Fig. 55). 

f_ f;(e) • 1 

__ S_ 

* B ^ 

- •f(M) - > 

S 6 

Fig. 55 Fig. .56 

Thus, any two vectors liaving equal lengths and the 
same direction specify one and tlie same translation. 

Ocfinition 2. Two vectors are said to bo equal if they 
specify one and the .same translation in space. Or, in other 



D 


V- i\ 


1 

i 1 

1 

1 

1 

1 

1 

1 


A 

\ 

\ 


Fig. 57 


Fig. 58 


words, vectors are .said to be equal if their lengths are equal 
and the directions coincide. 


It follows from this definition that: 

(1) the initial point of a vector may be transferred to 
any point of .space, therefore a geometric vector is called a 
free vector; 


(2) two vectors lying on parallel lines may be tran.sferred 
on one line (Fig. 56); 

/!.- P®"’ vectors may be transferred to one plane 

(r ig. 57). ^ 


Definition. Vectors lying on parallel straight lines (or 
on one and the same straight line) are termed collinear. 
Vectors parallel to one and the same plane are called coplanar. 
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Consequently, any pair of vectors are coplanar. Three 
vectors can be non-coplanar. For instance, the three vectors 

AB^ AAx, and AD coinciding with the edges of a rectangular 
parallelepiped (Fig. 58) are not parallel to one plane, i.e. 
they are non-coplanar. 


Sec. 25. The Sum of Vectors 

^ Let us consider the set of all vectors a in a space /?. 
Definition 1. The operation of addition is defined for 

the set TO, if any pair of vectors a and h is related with the 

vector ccz TO called the sum of a and b: c a + h, Tlie 
following conditions (the axioms of addilion) must be ful¬ 
filled for any a, fe, c: 

1 °. a -1- 6 = fe -f a. 

2 °. (a ~1" c = -}- (^^ ’4' c). 

3°. fit -|- 0 = fl. 

4"^. Va C 1 TO 3 h 6 TO so that a + 6 = 0, the vector b 
being unique. The vector b satisfying the last equation is 
called opposite with respect to a, and is denoted — a. 

To find the sum of two given vectors a and b we use the 
connection between the vectors and translation (see Sec. 24). 

The vector a specifies a translation which transforms the 

point A into B so that AB ~ a. The vector b also specifies 
a translation which transforms the point B into the point C 

so that BC = b (Fig. 59). 

Consequently, as a result of two successive translations 

defined first by the vector a and then by the vector b the 
point A is mapped into the point C, i.e. the initial point 

of the first vector AB is brought to the terminal point of 

the second vector BC, 

Definition! 2. Successive performance of two transfor¬ 
mations is called the composition of these transformations. 
Let us show that a composition of two translations is 

also a translation defined by the vector AC, 
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Let A, be an arbitrary point in space (Fig. 59). As a 
result of the first translation onto tl^ vect(^a it is trans¬ 
ferred into the point so that = AB. During the 

second translation onto tlie vector b the point BjJs brou^l 
to Cl, and /?A = BC. Let us prove that A^Ct = AC. 



Fig. 50 


Fig. 60 


Since AAiB^B is a parallelogram {AB = Aji^, we 

have A^i = BB^’, BBiCyC is also a parallelogram {BC = 

= B^i), hence, BBi = CCj. Whence, by virtue of the 

transitive property, it follows that AAi = CCi, and hence, 

AAiCiC is a parallelogram, i.e. A^Ci = AC. 

Thus, a composition of two translations specified by two 

^ « # • 

vectors a and b is a translation specified by the vector c joining 
the initial point of the first (a) to the terminal point of the 
second (6). 

With this reasoning we arrive to the following definition. 

—► —♦ 

Definition 3. The sum of two vectors a and b is defined 
as the vector joining the initial point of the first vector 
to the terminal point of the second, provided the initial 

point of the vector b and the terminal point of the vector a 
arc brought together (Fig. GO). 

If the vectors a and b are collinear, then the vector 
a -\- b = c lies on one lino with them (Fig. 61). If a and b 
arc non-collinoar, then the vectors a, b, and c = a +6 
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*® ""‘‘y •■®^® f®*' adding tlie 

rule” *“ delmition is called the “triangle 

of r U.rTugh? conditions 

l\a + b='b + a. 

^ From Fjg. 62 ^is seen that a +1 ^ AB + ^ =, AC, 
b A- a = AD + DC = AC, i.e. a + 6 =~b + a. 




Q'fS 

5 


~yz~ 

a 


■"■ 'Y^ 

a fb 



Fig. 62 

In proving this property we get another rule of vectors 
adding called the_^“parallelogram rule”. vtciors 

If the vector-s a and b are reduced to a common origin 
then their sum is a vector coinciding witli the diagonal of 

a parallelogram constructed on the vectors a and 6 as sides 
and emanating from their common origin (Fig 621 

2°. (a + r)+7 = ; + (7i+7). 

noiJf oMhi"**!’? ^ Ihe initial 

point of the next vector coincides with the terminus of the 

preceding one. Figure ^,a illus^ates the sequence of oper¬ 
ations: first a -f- 6 =^^C,Jhen AC + 7 = jW. In Fig. 63,6 
we first get the vector 6 Me = ^, and then a + BD ^A^. 
We^see that iJie results have coincided, i.e. -f- ^ -f 7 = 

= a + (ft + 0* 

The equation thus obtained enables us to write each 
sum without using parentheses. 

3°- a^+ 0 = rt, which is obvious. 

4“. Va3 tjie unique vector h which is equal to a in mag- 

dilected.'’®' ^ oppositely 
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For this vector b, as is obvious, a + fo = 0. Such vector h 
is said to be opposite to the vector a. According to the nota¬ 
tion introduced: b = — a. 

Note, While considering property 2"^ we got the sum of 
three vectors. Using the same method, we can obtain the 




sum of any finite number of vectors: 

Of -f 6 -f c + d = (a -f- -f c) + rf, 

a-^rb-{-c-\~d-\-e = {a -^b-\~c 

This sum can be constructed by the following rule. 

If the initial point of the next summand is brought to 
the terminus of each addend vector, then the^ vector joining 
the initial point of the first vector to the terminal point of the 
last one will be the sum of all these summands (Fig. 64). 

Sec. 26 . Subtraction of Vectors. 

Multiplication of a Vector by a Number 

Subtraction of vectors is the inverse operation of addi¬ 
tion. 

Definition 1. The difference between two vectors a and b 
is defined as a new vector c which together witli the vector 6 
yields the vector a: 

c = a — by if c-\-b = a. 

Let us sliow that for any two vectors a and b there exists 

—V —► —^ 

tlie (lifTei'ciice c = a — h wliich is uui(|uc. 
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Indeed, — h so that b + (—b) = 0. Suppose that 
a — b ^ c and a — b = d. According to the definition, 
Ibis means that c b = a and d b = a. Adding the 
vector —b (wliich exists by virtue of property 4°), we get 


c + b + { — b) = a\-{ — b) and d + 6-j-( —?;) = a + ( —6) 
or 

—► —^ ^ —> —V 

c = a4-( — b) and d = a + (~^)» 

whence it follows that c = d = a ~\- (—6), i.e. the differ- 
ence between tlie two vectors a and b is equal to the sum 
of the vectors a and —b: 

—> —► —► 
a — /; = a -J- (— b). 


From this formula and the triangle rule follows the 
method of construction of the difference between two vec¬ 
tors: if the vectors a and b are reduced to a common origin. 



era, a>0 


oca, a<0 


Fig. 66 


then the difference a — 6 is the vector joining the terminus 
of the subtrahend h to tlie terminus of the minuend a (Fig. 65). 

Definition 2. The product of a vector a by a number a 
is defined as a new vector aa, whose length is equal to 
I a I I a I, the direction coinciding with the direction of the 

vector a if a >• 0, or being in the opposite sense if a < 0 

(Fig. 66). If a = 0, the product is the null vector, i.e. 
—► —► 

aa = 0. 

The operation of multiplication of a vector by a number 
possesses the following properties. 
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1°. (X (Pffl) = ('^P) ® — associative property with respect 
to the numerical jactors. 

Proof. 1. According to Delinilion 2 and the propeilies 
of the absolute value, we have 

la(pa)I = lal.lPal = la|.|Pl'M = l«Pl-la|. 
i.e. 1 a (pa) 1 = 1 (®P) ® 1* 

2. If a and p have the same signs then a (Pa) ff a and 
(ap) aft a. i-e- « (P«) tt (aP) ^ P opposite 



From the above proof U follows that a (pa) ( P) 

2 °_ a (^+ i) = aa + ab —distributive property with re¬ 
spect to the sum of vectors. v(^rtnrs 

Proof. Let us draw from the common origin tMhe v^o 

^ == OA and b = OB and construct their ^um 0^ = (M + 
A- OB. If a >0> then aa = OA^ a, ab = OBi ft b, i.e. 
aa + P6 = (Fig. 07). Since (A^Ci) jl (0«)^nd (AO 11 

11 (OC), then (AiO) 11 (AO, ^ Tle^e- 

sUdes, 1 OA 1 : 1 OAi 1 = 1 AC 1 : 1 A^Ci 1 - «• t “ere 
fore the triangle OAC is similar to the triangle OAiCi, 
from which it follows that [OC] and lOOl_he on one lino, 

hence, 1 OC, 1 = a 1 OC 1, i.e. OC, = aOC = a (a + b), 

or aa + afe = OC (a + b). pov 

Tlie case a < 0 is proved in a similar way (Fig. 6»). 
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3 . (a + P) a = art + i^a—distributive properly with re¬ 
spect to the sum of numbers. 

^ Pwof. 1. If a and^ have the same sign, then the vectors 
aa, Pa, and (a + p) a are in tlie same direction. In this case 
we liave aa + p^ f| (« + p) a and | aa -f pa | = | aa | -|- 
+ I Pa I = I (a + P) a|. 

Thus, the vectors aa + p"^ and (a + P) a are in the 
same direction and have equal lengths, hence they are equal. 

2. If a and p have opposite signs, for instance, a < 0, 
p >0, and I a I < I p I, then a + p >0, | a + p | = 

= I P I — I a |. In this case aajia. Pa ff a, (a + p) a ff a. 
According to the rule for adding oppositely directed vectors 
we get ’ 

aa + paft(a + p)a, |aa +pa| = |pa| — |aa| = |(a-f.p)a|. 

Thus, in this case we also have aa + pa = (a + P) a. 

Sec. 27. A Linear Combination of Vectors. 

The Conditions of Collinearity 
and Coplanarity 

Ihe expression aa -f ph + yc, in wliicli at least one 
of the numbers a, p, y is not equal to zero, is called the 

lineair combination of the vectors a, b, c. The equality 
= aa + p6 + yc means that the vector d is a linear combi¬ 
nation of the vectors a, b, c, i.e. it is linearly expre.ssed in 
terms_ of the vectors a, b, c. The numbers a, p, y are called 
(kcomposUion coefficients of the vector d with re.spect to the 
vectors a, b, and c. 

Let us find out for which conditions a vector is a linear 
combination of other vectors. 

Theorem 1. Two non-zero vectors a and b are related as 

b = aa if and only if they are collinear. 

Proof. 1. Let h = aa. According to Definition 2 of Sec. 26, 

this^nieans that either attft(a>0), or a||&(a<0), 

i.e. a and b are collinear. 
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2. Let a and h be cullinear and x = | b | : | a |. If 6 jf a, 
then b = xa; and if b a, llien b = —xa. 

Thus, b = aa, where a = x, if a ff fe, and a = —a:, if 

/X t| ft. 

Theorem 2. of the three non-zero vectors a, 6, and c 
is expressed in terms of a linear combination of the remaining 
vectors if and only if they are coplanar. 

♦ 

Proof. 1. Supposes = aa + ^b. If the vectors a and b 
are collinear, then the vector c is also collinear with them. 
But if a and b are not collinear, then c is the diagonal of a 
parallelogram constructed on the vectors aa and and, 
consequently, it lies in one plane with a and b. 

2. Suppose the vectors a, 6, and c are coplanar. If there 
is at least one pair of collinear vectors, for instance, a and 6, 
then, by Theorem 1, 6 = aa and we may write 6 = aa + 
4" 0*c. 

Let us now suppose that there are no collinear vectors 
—► —► 

among a, 6, and c. From their common origin O (Fig. 69) 
and from the terminal point of the vector c we draw straight 
lines parallel to a and b. As is obvious from Fig. 69, c = 
= OC = OA + OB. Since OA is collinear with a, and OB 
is collinear with 6, we have OA ~ aa, OB = pfc and, hence, 
c = aa 4“ 

Let us now show that in the expression c = aa + the 

—► —► 

numbers a and p are defined uniquely (a and b are not col¬ 
linear). Suppose that there exist two decompositions c = 
= aa + and c = a^a + Substracting the second 
equation from the first one, we get (a^ — a) a = (P — p^) b. 

Since the vectors a and b are not collinear (by hypothesis), 
it follows from the last equation that a = a^ and P = p^. 

Theorem 3. Any vector d is a linear combination of three 
—► —► —► 

non-coplanar vectors a, 6, and c, the numbers a, p, and y 
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in the cleconipositiun d — ot,a -1* 4" Y^’ being defined 

uniquely. — 

Proof. Let us draw the vectors a, b, c, and d from the 
common origin 0. If d is coplanar with any pa^r of vector!^ 
say, a and b, then, according to Theorem 2, d = aa + j^b 

and in this case the equation d = aa 4- + 0"C (y = 0) 

is valid. 

Let us suppose now tliat d is not coplanar with any pair 
of the given vectors a, b, and c. From the terminal point of 



the vector d = OD 'ne draw a straight line parallel to the 
vector c^(Fig. 70), which will cut the plane OAB (OA = a, 

OB = b)sX point D^. From this point we draw [DiA^] 1| \OB] 
and {DiB^ || [0^41. According to Theorems 2 and 1 

ODi = 4- = aa 4- p6, 

d = 4- = aa 4- P& 4- Y^- 

The uniqueness of the decomposition obtained is proved in 
the same way as in Theorem 2. 

Example 1. Given in a triangle ABC are the vectors 

^ = a and BM = d, where [BM] is a median of the tri¬ 
angle ABC. Express the vectors AB and AC in terms of the 

vectors a and d. 

Solution. 

( 1 ) ^ d\ 

(2) iC = 2m = 2a — 2d; 
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(3) XJi = AC - iw ^ 2a - 2d - a — 2d. 
Example 2. In a regular triangular pyramid there given 

three vectors: BC a, SB = b, and SO = d, where [50] 
is the altitude of llie pyramid. Express the vectors coincid¬ 
ing with tlie remaining edges of the pyramid in terms of the 

vectors a, b, d. 

Solution. 

{\) OB = SB - SO = b -d\ 

(2) BD = “ T D is the midpoint of [.<40; 

(3) DC = BC - BD = 2 -^d ^b\ 

(4) AC = 2Z?C = 2a — M -f 36; 

(5) ^5 = Ic — ^ —a -f 2a — 3^+ 36 = 

= —Sd CL 3h] 

(G) ^ ^ ^ = ft + ?; 

(7) = ^ ^ AB = b + 3d - 3ft = 3d — 

— 2ft — a. 


Sec. 28. Scalar Product of Vectors 


Problem. A body is rolling down an inclined plane by 
gravity. Find the work performed by this force as the body 
moves from the point A to the base of the inclined plane if 
the mass of the body is equal 
to m, and the plane is inclined 
at an angle (p. 

Solution, The body is acted 
upon by a vertical force F, where 
I F 1 = mg. Decomposing F 
into two components, we get F = 

=F+ Q (Fig. 71), where the 



force P is perpendicular to the 

direction of motion and, consequently, does not perform 


work, while the force Q acts in the direction of the recti¬ 
linear displacement AB and performs work which is equal 


6-0350 
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to KM’l 1- Taking into account that | (> | = \F\x 

X cos q), we finally find W= \ F |- | AB j-cos (p. The scalar 
quantity (work) is obtained as a result of a new operation on 

vectors: the force vector F and the displacement vector AB. 

Let us introduce this operation for arbitrary vectors a 
and b. 

Definition. The scalar product of two non-zero vectors a 

and 6 is a number equal to the product of their lengths by 
the cosine of the angle between them. 

If one of the vectors is equal to zero (i.e. a null vector) 
then the angle between them is indeterminate, and the 
above definition has no sense. In this case we suppose that 
the scalar product is equal to zero. 

The scalar product is denoted in the following way: ab^ 
or a-6, or (a, b). 

If a =7^0 and b then the equality ab = 0 is pos¬ 
sible if and only if the vectors a and b form a right angle. 
Indeed, the equation | a |-1 fc | x cos cp = 0, where 

I a I ^0, I 6 1 i/:0, is possible if and only if cos cp = 0 
{0°<(p<180°), i.e. if cp = 90“. 

The scalar product a-fccO, if 90“ •< q)-^180° (the 

—► —► 

vectors form an obtuse angle), and a-b >0, if 0° ^ (p < 90° 
(the vectors form an acute angle). 

The scalar product of the vector a by itself is termed the 
scalar square of the vector: 


• a — a^= |a|2. 


i.e. the .scalar square of a vector is equal to the square of 
its length. 

Problem. Prove the equation (a b)- = a* 2ab 
Solution. Suppose a and b are not collinear. Then the 
vectors a, b and a -1- b form a triangle. By the law of cosines 
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we have 


|a fe|2= |tt|2_2|a|. |6| cos^fiC+ |i|2 = 

== -f-2|a| |fc| cos {a,b) + \b\^. 

Hence, (a + l)f = + 2^ + I'K 

We ]^ave the proof of this formula for collinear vectors a 
and b to the reader. 

Sec. 29. Arithmetic Properties 
of a Scalar Product 

A s(^l^ product of vectors has the following properties: 

1°. a-b = b-a {commutative property). 

Proof. The angle between vectors is understood as the 

angle between their directions. Consequently, (a, b) = 

= (fe, a) and 


b.a= |6|.|a|.cos(fc, a) = |a|.)6| •cos(a,b) = a-b. 

2 . {aa)-b = a (a-b) {associative property with respect to 
the numerical factors). 

Proof. For a = 0 the equation is obvious. For a ^0 
we have 


(aa) .b = |aa|. |6| .cos (aa, b) = |a| . |a|. jfc| . cos (aa, b). 

I « \ = a,aa \\ a, cos {aa, b) = cos (a, 6). 
IJicrefore v » / 

((aa).h) = a|a|.|b|.cos (a,b) = a{a.b). 

If a < 0, then | a | = —a, cos (aa, 6) = cos (—a, fc)= 
= cos In - {a, 7))] = —cos (a, 6). Therefore 

((aa).b) = — a| oI. |b|.(— cos (a, 6)) = a (a• b). 


6 * 
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Problem. Prove that (a — b)^ = — 2a-b + Ir, 

Solution. Using the result of the problem solved in Sec. 28 
and Property 2*^, we have 

(a + (--r))2 = a2 + 2a.(-6) + (-h)2 = a2_2a.ft + ^. 

3°. (a + 6) c = a-c + 6-c {distributive property with res¬ 
pect to the sum of vectors). 

Proof. Using the formulas 

(p±d)2=p2±2^+d2, 

for the vectors p = y -f- and d = y + c, we have 

((■ 5 "+*) + (■§■+ '))*= 

and 

((4+;)-(4+'')r= _ 

Adding these equations, we get 

(a + (6 + c))2 + (6-7)2 = 2 (-f + ft)" + 2 (^ . 

Using the formula for the square of a sum once again, we 
simplify both members of the last equation: 

a2 + 2a {b + c) + ^ + c)2 + — 2ft. c + c2 = 

= fl2 ^ 2a. ft + 262 + 2a .c + 2c2; 

a2 -}- 2a • (ft + c) + ft2 -j- 2ft • c + + ft^ — 2 ft • c + c 2 = 

= a2 2a. ft + 2ft2 2a • c + 2c2. 

Collecting similar terms and reducing, we get 

a (6 + c) = a • 6 + a. c, 
which was required to be proved. 


Properties 1° to 3° yield the following rule for a scalar 
multiplication of linear combinations of vectors: 

{aa + pft). ( 6d) = aya - 7 + Py • & • c + a8a . d + p66 • d, 

consisting in that linear combinations of vectors are multi¬ 
plied according to the standard rule for multiplying a poly¬ 
nomial by a polynomial. 

Example. The sides of a parallelogram are: \ AB | = ys, 
I AD 1 = 1; the angle between them is equal to 30^^. Find the 
angles between the diagonals of the parallelogram. 

Solution. Let AB =^ and AD = ~b. Then AC = 7 + fc, 

DB = a — 6’ 

cos(p = -^±Mz|_. 

I a + 6|-|a—iTl 

Since (a + 6)* = | a -j-l; |3 and | a — 6 p = (a — bf, we 
have 

la + fel-lo —6|=V (a + 6)2.(a —S)2 . 


Therefore 
cos (p = 




V (?*+ 2ab + 6*) (a*—2a6 + 6*) 

__ 3—1 

V (3+2 /3.]/J/2 + l)(3-2 /3 Y3/2-I 1) 
Hence, cos (p = 2/|/ 7 and «f =arccos (2/y7). 


Sec. 30. Vector Product of Vectors 

Problem. The arms of scales have different lengths: 

I OA \ = a and | OB | = 6. A force F is applied at the 
point B, forming an angle a (90° < a < 180°) with the 
horizontal axis (Fig. 72). Determine the vertical force which 
has to be applied at the point A to balance the scales (the 
equilibrium position coincides with the horizontal axis). 

Solution. For the equilibrium state the sum of moments 
of all the forces acting on the scales is equal to zero, i.o. 

Mp + Mq = 0 . 
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The moment Mp of a force F about a point O is defined as 
a vector satisfying the following conditions: 

(1) I Mp I = I OA I* I F I*sin {OAy F), where A is the 
point of application of the force F; 

(2) the vector Mp is perpendicular to the vectors F and OA 
and is directed so that if we view along it, then the smallest 

turn from OA to F is seen in the positive direction. 



0 

71 


Fig. 72 



Thus, in the given problem Mp is directed perpendicular 
to the plane of the drawing, i.e. “to us”, and Mq “from us”. 

1 bus, Mp IIA/q and for the equation Mp + Mq = 0 
to be fulfilled, it is sufficient that | ] = | Mq |, i.e. 

a* I F I -sin a = b- | (> | • sin 90^", whence \Q | = y • sin a. 

The moment of force considered in this problem is a vec¬ 
tor obtained as a result of some operation on vectors. 

Definition. The vector product of a vector a by a vector b 

is a third vector c (c = a X 6, or c =a [a61), obtained accord¬ 
ing to the following rule: 


(1) I c I = I a |- 1 ft l-sin (a, ft), i.e. the length of the 
vector product is equal to the product of the lengths of the 

vectors a and ft by the sine of the angle between them; 

(2) c_La and c ± ft, i.e. the vector product is perpendic¬ 
ular to either of the vectors a and ft; 

(3) the vector c = a X ft is directed so that the three 
vectors have the same orientation as the given axes Ox, 
Oy, Oz. 
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If one of the vectors a or 6 is equal to zero, we suppose 
that a X b = 0. 

The vector product is widely used in physics. The vector 

product a X b may be interpreted as the moment of a force b 
about a point 0, or as the linear velocity of a point rotat- 

ing at an angular velocity a and lying at the terminal point 
of the vector 6, and so on. 

Let us find out the geometric sense of the vector product. 
Since the area of the parallelogram is equal to the product 
of the lengths of two of its adjacent sides and the sine of 
the angle between them, the length of the vector product 
is equal to the area of the parallelogram constructed on the 
co-factor vectors reduced to a common origin. 

Theorem. The vector product of two non-zero vectors is 
equal to zero if and only if they are collinear. 

The proof is obvious. 

The vector product possesses the following three arith¬ 
metic properties. 

1°. {ah\ = —[6a], i.e. if the factors are interchanged^ 
the vector product reverses its sign. 


Proof. Since (a, b) = (6, a), then | lab] | = | 6a |. On the 
other", hand, [a6]j|[6a]. Therefore, [a6l = —[6al. 

2°. [(aa) 6] = a [a6] {associative property with respect 
to numerical factors). 

Proof. For a = 0 the equality is obvious. If a =^^0, then 


I [(oca) 6] I = \aa\ • |6| •sin((aa), 6) = |a| • |a| • |6| -sin ((aa), 6). 

For a >0 we have ((aa), 6) = (a, 6) and | a 1 = a; then 
|[(aa) 6]| =a" |a| • |6| -sin (a, b) = |a [a6]I. 

For a •< 0 we have ((aa), b) = n — (a, b) and | a | = 
= —a; then 

I [(aa) 6JI = |aa| • lS| -sin [n — (a, &)] = 

= —a*|a|>|&|>sin |a,6| = |a[a&]|. 
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Thus, the vectors ((aa) 61 and a [a 6 ] have equal lengths. 

Let us show that [(aa) 6 ] ff a[ab]. 

If a >0, then o ff aa and therefore [(aa) 6 ] ff [^. 

If a<0, then aajfa, [(aa) 6 ]f| [afel; hence.'a [ 06 ] ff 
ff[(aa) 61. 

—♦ —► —V > fc ► > 

3° [(a + 6 ) c] = \ac\-\-[bc] {distributive property with 
respect to the sum of the vectors). 

We leave the proof of this property to the reader. 

Corollary. To carry out vector multiplication of two linear 
combinations it is sufficient to multiply each vector of the first 
combination by each vector of the second combination and to 



add the results thus obtained. In doing so it is necessary to 
retain the order of the vector factors in each separate product: 

{aa + pfe) X (yc + bd) = aya xc + ^yb X c+a6a X d-f p66 x d. 

Problem. The area of the parallelogram ABCD is equal 
to S. Points £, F, and Q lie on the sides [AB\, [AD]^ and 
[Z)C], respectively and divide them in the following ratios: 
MF I : I FF I = 1 : 3, 1 .4F | : | FD 1 = 3 : 5, \DQ\: 

: I QC 1=3:7, Find the area of the triangle EFQ (Fig. 73). 

Solution. Denoting AB = a and AD by we have 
AB = ^a, 7F = ^b, FDr=-^b, ^ = 4-“’ 

^ = i£-iF=4-a--s-^. 

4 o 
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The area of the triangle EFQ is equal to half the area of the 

parallelogram constructed on the vectors FE and FQ as sides; 
hence, it is equal to half the length of the vector product 
of these vectors: 

1 X FQ 1. 

We then find 

5 “*'“*' 9 “*’”*' 43 “*'“*’ 

^“160 ® ^ ^ ' 

Since 1 a X 6 | = 5, we finally have 

—W^* 


PROBLEMS TO CHAPTER 4 


1. Given vectors o and b construct a + 6, a — b, b — a, 
—a — bJ 


2. Given: j a | = 13, 1 6 1 = 19, | a + ^ I = 24. Find 

I a - 1. 

3. Given: 1 a | = 11, 1 6 | = 23, | a - = 30. Find 

la + bl. 

—► —► 

4. The vectors a and b are mutually perpendicular, 

I a I = 5, I Tl = 12. Find 1 o + 6 |, 1 a — 6 1. 

5. What condition must be satisfied by the vectors a 
and b if the vector a + b bisects the angle between them? 

6. Three forces P, Q, and R applied to one point have 
mutually perpendicular directions. Find the resultant force 
and the angles formed by it with the three components if 

\P\^\Q\^\R\^a. 
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7. In a triangle ABC the following equation is fulfilled: 

I CA + CB I = I CA — CB |. Prove that the triangle ABC 
is right-angled. 

8. Given a parallelogram ABCD, Prove that for an arbi¬ 
trary point O in space OA -f OC = OB + 

9. In a parallelepiped ABCDAxB^CiDi the following 

vectors are given: AD = d, AC = c, AB = /. Express the 
edges of the parallelepiped in terms of these vectors. 

10. Given in a triangle ABC are the medians AE = m 

and BD = n. Find the sides of the triangle. 

11. Points M and N are the midpoints of the line seg¬ 
ments [AB] and [CD], Prove that MN = \‘AC -\-\bD, 

12. Points M and N are the points of intersection of 
the medians of the faces ADB and BDC in a tetrahedron 

ABCD. Prove that the vectors MN and AC are collinear 
and find \ MN \ : \ AC |.’ 

13. Vectors a and b form an angle equal to 60°. Knowing 

that I a [ = 3 and | 6 | = 4, compute a*6, (3a 6)^, 

(3a — 6) (a - 3b). 

—► —► —► 

14. Prove the validity of the equation (a -f b)^ + (a — 

— 6)“ = 2 (1 a 1^ + I ft r^) and find out its geometric 
meaning. 
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CHAPTER 5 

PERPENDICULARITY IN SPACE. 
DIHEDRAL AND POLYHEDRAL 
ANGLES 


Sec. 31. A Perpendicular to a Plane 

Definition. A straight line p is said to be perpendicular 
to a plane a if it is perpendicular to any straight line con¬ 
tained in the plane a, i.e. p J_ 7 for Vg c: a. 

Theorem. If a straight line p is perpendicular to two non¬ 
parallel lines contained in a plane a, then it is perpendicular 
to this plane. 

Given: p _L m c= a, p _L r? cz a, m (] n = 0. 

Prove: p _L a. 

Proo/. Let us take an arbitrary straight line 7 cz a (Fig. 74). 
We then lay off vectors OM, ON, BC, and AP on the straight 
lines m, n, 7 , and p, respectively. The vectors OM, ON, 
and BC are coplanar, OM and ON being non-collinear. 
Thus, BC — olOM + POW. By hypothesis, AP-OM = 0 
and AP-ON = 0; hence, 

ip./lC = ip (a(W + pt^) = + p.LP.OA = 0, 

i.e. AP J_ BC, or p _L 7 , which was required to be proved. 

Thus, perpendicularity of a straight line p to two non¬ 
intersecting lines contained in a plane a is a necessary and 
sufficient condition for the line p to bo perpendicular to the 
plane a. 

This condition is called the test for perpendicularity of a 
straight line to a plane. 

Example. The line segment CD of length I lies outside 
the plane containing the triangle ABC and is perpendicular 
to its legs [^Cl and IBC]. Find the distance from the point D 
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to the midpoint E of the liypolenuso if | AC \ = h and 
\BC \= a. 

Solution. Join D to E, and E to C (Fig. 75). Since (CD) _L 
_L (^C)^and (CD) _L (BC), then (CD) _L (CE), i.e. DCE is a 




right-angled triangle. In A CDE the log \ CD \ = I, \ CE \ = 
= \AE\ = \BE\=\. \AB\= :L\/WT^-. 

Hence, \DE \=^ y^ 4 /Fqr^rqr^^ 


Sec. 32. An Inclined Line r.nd Its Projection 
on a Plane. The Distance from 
a Point to a Plane 

Definition. A straight line which cuts a plane but is not 
perpendicular to it is called an inclined line with respect 
to this plane (the term “inclined line” often implies a seg¬ 
ment of this line). 

A line segment joining the foot of an inclined line to 
the foot of the perpendicular dropped from the end-point of 
the segment of this line onto the same plane is obviously 
the orthogonal projection of the segment of an inclined 
line, or simply the orthogonal projection of an inclined line 
on this plane. 

Theorem. If from a point A not belonging to a plane a 
a perpendicular and inclined lines are drawn to this plane, 
then 

(1) the perpendicular is shorter than any inclined line; 
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(2) congruent inclined lines have congruent projections 
and to congruent projections there correspond congruent in¬ 
clined lines; 

(3) of two inclined lines having non-congruent projections 
the one is longer whose projection is longer. 

We leave the proof of this theorem to the reader. 

Suppose that Fi and are two figures having no points 
in common, and p (X, V) are the distances between the 
points X belonging to F^ and the 
points Y belonging io F^. If among 
all the distances p (X, Y) there 
exists the shortest one, then it is 
called the distance between the figures 
Fi and F^. If the figures intersect, 
i.e. have points in common, then 
the distance between them is equal 
to zero. 

If Fi is a plane a, and is a 
point A which does not belong 
to a, then from Theorem 1 it fol¬ 
lows that p (X, A) attains the least 
value when X is the foot of the 
perpendicular dropped from the 
point A onto the plane a. Thus, 
the distance from the point A lying outside a to this 
plane is equal to the length of the segment of the per¬ 
pendicular dropped from the point A onto the plane a. 

Example. A point D is situated outside the plane contain¬ 
ing the triangle ABC equidislantly from its vertices. Find 
the distances from the projection of the point D on this 
plane to the vertices of the triangle ABC, if | AB 1 = 
= I ZiC I = a, and \ AC \ = b. 

Solution. We join the point E which is the projection 
of the point D on the plane of the triangle ABC to its ver¬ 
tices A, B, and C (Fig. 76). The line segments UEl, [BE], 
and [CE\ are the projections of equal inclined lines [AD\, 
[BD\, and [CD], and according to the above theorem, they 
are equal, i.e. the point E is the centre of a circle circum¬ 
scribed about the triangle i46C. Since the sides of the triangle 

are known, the radius of the circumcircle fl , where 



S =^bh and h 
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Hence, 

\AE\^\liE\ = \CE\= J{ = 


a^b 



y 4a^ — bi 


|/ 4a* — 6* ■ 


Note. If a point is located outside the plane of a polygon 
equidistantly from its vertices, then it is orthogonally projected 
into the centre of the circumscribed circle. 


Sec. 33. The Theorem on Three Perpendiculars 

Tlieoreiii. A straight line drawn perpendicular to the pro¬ 
jection of an inclined line on a plane is perpendicular to the 
line Itself. 

Given: a line \AB] inclined to a plane a, its orthogonal 
projection IC/j 1, a line p perpendicular to lliC) 

Prove: p j_ (AB). 

draw a plane p through the inclined line 
\AB\ and its projection [CB] (Fig. 77). The line p is perpen¬ 
dicular to the two intersecting lines (AC) and (CB) contained 
in the plane p. Consequently, p is perpendicular to P, in 
particular, p j_ {AB). ^ 

Thoorein (converse). A straight line drawn perpendicular 
to an inclined line on a plane is also perpendicular to the'orthoe- 
onal projection of this line. ' 

« pJane, its orthogonal 

jirojection \CB\, a line p perpendicular to (AB) 

Prove: p _L (CB). 

I- line p is perpendicular to two intensecting 

lines (^C) and {AB) lying in the plane p (Fig. 77). Hence, 
P _L p and in particular, p J_ {CB). 

Example 1. A point M is situated outside the plane con¬ 
taining the rhombus AfiCZ) equidistantly from its sides. Find 
the distances from the orthogonal projection of the point M 

on the plane of the rhombus to its sides if its altitude is equal 
to h. ' 

Solution. O be the orthogonal projection of M on 
the plane {ABCD) and {OE) be perpendicular to {AB) (Fig. 78) 
Then \OL\ is the projection of [ME], and since [OE] is per- 
pencliciilar to \AB], [ME] is perpendicular to [AB] (by 
the theorem on three perpendicular.s). This reasoning yields 
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the mctliod of constructing the perpendicular drawn from the 
point M lying outside the plane a to a straight line con¬ 
tained in this plane: first drop from the projection of the 
point M a perpendicular onto the given line, and then join 
the point of their intersection to the point M. Using this 


M 




^ Fig. 77 Fig. 78 

method we construct [ME] perpendicular to [AB], [MQ] 
perpendicular to [DC], [MH] perpendicular to [AD], and 
[MF] perpendicular to IZ^CJ. 

From the equality of the lengths of the inclined lines 
there follows the equality of the lengths of their orthogonal 
projections, i.e. \OE\ = pF\ = \OQ\ -= [OH], where [OE[ 
is perpendicular to [AB], [OF] is perpendicular to [BC], 
[OQ] to [DC], and [OH] to [AD], Consequently, the point 0 
is equidistant from the sides of the rhombus, i.e. it is the 
centre of the circle inscribed in it. Therefore it coincides 
with the point of intersection of its diagonals. But \OE\ + 
+ \OQ \=h, hence, \ OE [ = \ OQ \ = \ OF \ = \ OH \=^ 
= hl2. 

Note. If a point lies outside the plane of a polygon equi~ 
distantly from Us sides, then its orthogonal projection coincides 
with the centre of the circle inscribed in this polygon. 

Example 2. From the vertex A of the rectangle A BCD a 
straight line I is drawn lying outside the rectangle, which 
forms equal (acute) angles with the .sides [AB] and [AD] 
(Fig. 79). Into what parts is the diagonal [BD] divided by 


95 











the orthogonal projection of this line on the plane (ABCD) 
if I AB I = a, and | BC \ = b. 

Solution. Let F ^ I, _L (ABCD)—a, j. (AB), 
[F^m JL (AD). Then [AF^\ = pr„ [AF], = pr„ [QF], 

\HF^ = pr^ [HF]. By the theorem on tliree perpendiculars 
[/^()] _L (AB), [FH] _L (AD). Since \FH \= [ /^(? | (/sAFQ ^ 
^ISAFII), we have | F^Q \ = \ F^H \, i.e. the orthogonal 
projection of the line I coincides with the bisector of the 



Fig. 79 

angle BAD. By the property of the bisector of an interior 
angle of a triangle | DM \ : \ MB \ =\ AD \ \ \ AB \, where 
\AD\ = b, \ AB \ = a and ' \DM \MB \ = 
— I F>B I = 4 - 6®. Hence, 

\DM\ h \DM\ + \MB\ a + 6 

\MB\ a ’ I MB I ~ a ' 

V + 0+6 

AfB ~ a ’ 

whence 

and i£>M| 

a-t~o * ' a + b 

Note. The solution of this problem proves that if an in¬ 
clined line forms equal angles with two straight lines on a 
plane passing through the trace of the inclined line on this 
plane, then its orthogonal projection is the bisector of the 
angle formed by these straight lines. 

9G 















Sec. 34. The Angle Between an Inclined 

Line and a Plane ^ 

Definition. The angle between an inclined line p and a 
plane a is defined as the magnitude of the acute angle between 
this line and its orthogonal projection on this plane (Fig. 80). 

This angle possesses the following property: of all the 
angles formed by the inclined line with any straight line 
contained in the plane it is the smallest one. Let us prove 
it. 

Theorem. The angle between an inclined line and its 
orthogonal projection on a plane is smaller than any angle 




formed by this inclined line with any straight line drawn in 
this plane through the trace of the inclined line (Fig. 81). 

Given: a line lAB\ inclined to a plane a, [AC] is perpen¬ 
dicular to a, [BC] = pr^ [AB\, [BM] d a. 

Prove: ABC < Ami. 

Proof. We lay off on (BM) a line segment [BD] = [BC], 
join the points A and B, and consider the triangles ^BC 
and ABD thus obtained. In them [AB] is a common side, 
and [BC] ^ [BB], i.e. two sides of one triangle are congruent 
to two sides of the other triangle, wliile the third sides are 
. non-congruent, and | AD | > | ^C |. From this it follows 

that ABM '^ABC. 

Example. The leg [.4C] of an isosceles right-angled 
triangle ^BC lies in a plane a, and the leg [BC] is inclined 


7-0359 
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to it at an angle of 45"". Find the angle formed by the hypote¬ 
nuse [AB] with the plane a (Fig. 82). 

Solution. Let [BD] be perpendicular to a, and D = 
= [BD] n a. Then [CD] - pr,, [BC], [AD] = pr« [AB], 

BCD = 45°, BAD being the required angle. If \ AC \ = 
— 1 I = ^7 then \ AB | = ay 2. From the right-angled 



isosceles triangle(| BC | = a) we find | BD | = aV 2/2. 
The required angle is an acute angle of the right-angled 
triangle ABD, in which the leg [BD] is half the length of the 

hypotenuse [AB]. Hence, BAD = 30°. 


Sec. 35. Dependence Between Parallelism and 
Perpendicularity of Straight Lines 
and Planes 


Theorem 1. A plane perpendicular to one of two parallel 
lines is perpendicular to the other. 

Given: p || g, p _L a. 

Prove: g _L a* 

Proof. In the plane a we draw two intersecting lines m 


and n (Fig. 83). Since p || q, we have (p, n) = (g, n) and 

(p, m) = (g, m) (see Sec. 18). By hypothesis, (p, n) = 

= (p, m) = 90°, therefore (g, n) = (g, m) = 90°, and, con¬ 
sequently, g is perpendicular to a (by Theorem of Sec. 31). 

Theorem 2 (converse). Straight lines perpendicular to 
one plane are parallel to each other. 
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Given: /> _L a, g J_ a. 

Prove: p || q. 

Proof. Suppose p il- g. Through an arbitrary poi»t A f a 
we draw a straight line r parallel to p (Fig. 84). According 




to Theorem 1 r is perpendicular to a.' Thus, through the 
point A there pass two different lines g and r perpendicular 
to the plane a, which is false. 

Theorem 3. A straight line 
perpendicular to one of two 
parallel planes is also perpen¬ 
dicular to the other plane. 

Given: a p, p j_ a. 

Prove: p_Lp.Proo/.Through 
the line p we draw two inter¬ 
secting planes y and 6 (Fig. 85). 

Let {AB) = a n 7, {BC) = 

= a n 6, (AiSi) = p n 7. 

= (p, 6). Then {AB) || 

II (A A), {BC) II (fiiCi) (by 
Theorem 2 of Sec. 17). Since 
P _L {AB) and p _L {BC), 
thenp _L {A iBj) and p _L {B^C^), 
and hence, p J_ P- 

Theorem 4 (converse). Two 
planes perpendicular to one 
and the same line are parallel to each other. 

Given: a _L p, p j_ p. 

Prove: a || p. 

Proof. We carry out the same construction as in Theorem 3 
(see Fig. 85). Since p is perpendicular to {A^Bf) and {AB), 


p 

< 


/■ • 

'n 

7 




/ " 


7 

1 




Fig. 85 


7 * 
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and (AB) and (A^B^ are contained in the plane 7, then {AB) 
is parallel to {A^Bi). We prove in a similar way that (BC) 
is parallel to (/^iCi). Thus, two intersecting lines (^45) and 
{BC) contained in the plane a are respectively parallel to 
two lines {AiB^) and {ByCi) lying in the plane p. Hence 
(by Theorem 1 of Sec. 17) a is parallel to p. 

Problem 1. Through a given point M draw a plane per¬ 
pendicular to a given line p. 

Solution. 1. Suppose Af 6 P- Through the line p we draw 
two arbitrary planes P y 86). From the point M 

we then draw a straight line (7 d p so that q is perpendicular 



to p, and a line r cz 7 so that r is perpendicular to p. The 
plane a passing through the intersecting lines q and r is per¬ 
pendicular to p and passes through M = q [] r. It is easy 
to show that the solution is unique. Indeed, any plane 6 
perpendicular to p is parallel to the plane a (by Theorem 4), 
and since a fl 6i9 Af, we have 6 = a. 

2. Suppose M ^p. Let P denote the plane containing 
the line p and the point M. Through the line p we draw an 
arbitrary plane 7 which does not coincide with the plane p. 
From the point Af belonging to the plane P we then draw 
(MO) perpendicular to p and from the point O lying in the 
plane 7 a line (ON) perpendicular to p (Fig. 87). The plane 
passing through two intersecting lines (MO) and {ON) is 
perpendicular to p. Its uniqueness is proved as in the above 
case. 

Problem 2. Through a given point M draw a straight 
line perpendicular to a given plane a. 


100 















Solution. In the given plane a we lake an arbitrary line q 
and draw a plane P perpendicular to q through the point M 
(Problem 1 ). In this plane we then draw through the point M 
a straight line p J_ a fl P (Fig. 88 ). Since p _L g cz a and 
p J_ a n P cz a, the line p is perpendicular to a, and p 9 M. 



Fig. 88 


The solution is unique: indeed, any other line r perpendicu¬ 
lar to a is parallel to p (by Theorem 2), and since, moreover, 
^ n Pt then r = p. 

Sec. 36. The Distance Between Skew Lines 

Theorem. The distance between skew lines p and q is equal 
to the length of the perpendicular dropped from any point on 
one line onto the plane passing through the other line paral¬ 
lel to the first line. 

Given: skew lines p and q, p cz a \\ q, A 6 g, \AB\ a, 
B 6 a. 

Prove: p (p, 7 ) = \ AB \. 

Proof. We take arbitrary points C ^ q and D ^ p^ and 
draw from the point C a line segment \CF] perpendicular 
to a (Fig. 89). Since [CD] is an inclined line, and [CF] is 
a segment of a perpendicular, we have [CD\^\CF\, or 
\CD\'^\AB\^ the equality being obtained when D coincides 
with F. 

According to the (lehnition of distance (see Sec. 32), 
this means that p (p, 7 ) = [ AB |. 

Example. Through the vertex A of an isosceles triangle 
ABC there passes a straight line I which forms equal angles 
with the sides [AB] and \AC]^ and an angle of 60° with the 
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plane containing the triangle (Fig. 90). Det ermine the dis¬ 
tance between the lines I and [BC] if | BC | = a. 

Solution, Since the inclined line forms equal angles 
with the sides [AB] and [AC]^ its projection coincides with 
the bisector of the angle /MC, i.e. with [AD] (see Example 2 
of Sec. 32). In the plane P passing through the lines I and 
li4Z)|, w^e draw [DQ] perpendicular to /. 

The plane a passing through the line I and parallel to 
[BC] intersects the plane {ABC) along the line {MN) paral¬ 
lel to {BC), Let us show^ that [DQ] is perpendicular to a. 




By construction, [DQ] is perpendicular to Z, and by the theo¬ 
rem on three perpendiculars, [DQ] is perpendicular to {BC), 
Since {BC) is parallel to [MN], then [DQ] is perpendicular 
to [MN], Hence, | DQ | _L a is the required distance between 
the lines I and [BC], To find it let us consider the right- 

angled triangle ADQ, in which \AD\ = a\ 3/2, and QAD = 
= 60°. Consequently, | DQ \ = | AD | sin 60° = 3a/4. 

Sec. 37. The Triple Product of Three Vectors. 

The Test for Coplanarity of Three 
Vectors 

In Chapter 4, with the aid of the scalar and vector pro¬ 
ducts, we obtained the tests for collinearity and perpendic¬ 
ularity of two vectors. Combining these two products we 
can get the test for coplanarity of three vectors. 

Let a, 6 , and c be three non-zero vectors. We take the 
fir.st two vectors a and fe, and write a vector product a X 6, 
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whicli is then scalar!y multiplied by the vector c. As a result, 
we get a number which is called the triple product of the 

three vectors a, 6 , and c, and is denoted abc (we remind here 
of the fact that the first two 
vectors are multiplied as vec¬ 
tors and the result is then 
multiplied by the third vector 
scalarly). 

Let us find out under which 
conditions the triple product 
of three non-zero vectors is 
equal to zero. 

Theorem (the test for cop¬ 
lanarity of three vectors). 

Three non-zero vectors are 
coplanar if and only if their triple product is equal to zero. 

1. Giv en: a ^0, 6 =^ 0 , c ^0 are coplanar vectors. 

Prove: abc = 0. 

—► —^ ^ ^ ^ 

Proof. If a and b are collinear, then a X ft = 0 (see 

Sec. 30) and then abc = 0. If a'll ft, then a x ft ^^0 and 
tlie vector a X 6 is perpendicular to the plane a. containing 
the vectors a and b (Fig. 91). In particular, laXfcl J_c and, 
consequently, the scalar product of the vectors a X b and 
c is equal to zero, i.e. abc = 0 . 

2. Given: oSc = 0, ^=^0, 6 = 7 ^= 0 , 7^0. 

Prove: a, b, and c are coplanar. 

Proof. The scalar product of the vectors a x b and ^ 
is equal to zero when either a X b—Q {c = 7 ^= 0 ), or (a X b)l. 
_L c. 

If a X ft = 0, then a || ft (see Sec. 30) and, consequently, 
a, ft, and c are coplanar. But if (a X ft) .i_ c, then c c= a 
(Fig. 91), and hence, a, ft, and c are coplanar. 

Example. Prove that the vectors a, ft, c, satisfying the 
condition aXft-}“ftXc + cXa = 0, are coplanar. 



Fig. 91 
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Solution. Let us show that abc = 0. To this end we mul¬ 
tiply scalarly both members of the given equation by the 

vector c. We get 

[ab]-c -]-[hc]*c -{-\ca]-c = 0-c, or abc -\-hcc cac = 0. 

S ince Ibc] J_ c, [ca] _L c, then bcc = 0, cac = 0 and, hence, 
abc = 0, which was required to be proved. 

Sec. 38. Dihedral Angles 

Definition 1. A convex figure bounded by two half-planes 
a and P emanating from one straight line {AfN) = a fl P is 
called the dihedral angle (Fig. 92). 

The half-planes a and P are called the jaces, and their 
common line (ilLV) the edge of a dihedral angle. 

The set of all points of a dihedral angle which do not 
belong to its faces form the inside domain of this angle. 

A dihedral angle is denoted in the following way: ZjolMN^, 
or apP {p is the edge), or, briefly, by its edge Z_MN, or Z^p. 

As is obvious, a dihedral angle is the intersection of two 
half-spaces bounded by two non-parallel planes a and p. 

Definition 2. The intersection of a dihedral angle with a 
plane perpendicular to its edge is called the plane angle of 
the dihedral angle: Z^ABC = 7(1 {/-MN) (Fig. 93). 

Or in other words: A plane angle of a dihedral angle is 
an angle formed by the two rays which are the intersections 
of the faces of the dihedral angle and a plane perpendicular 
to the edge. 

For the angle ABC to be a plane angle of the dihedral 
angle it is necessary and sufficient that {AB) and {BC) are 
perpendicular to the edge {MN). It should be remembered 
that the magnitude of the plane angle does not depend on 
the choice of the point B on the edge {MN). 

Indeed, all planes perpendicular to the edge of a dihedral 
angle intersect its faces a and P along the rays of the same 
direction (Fig. 94, 6); consequently, all the plane angles 
of a given dihedral angle are congruent, their magnitudes 
being equal. 

Definition 3. A measure of a dihedral angle is a measure 
of one of its plane angles. 
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Theorem. Plane angles corresponding to congtneni dihedral 
angles are congruent, and conversely, to congruent plane 
angles there correspond congruent dihedral angles. 




Proof. 1. Suppose that the angle MN is congruent to the 
angle (Fig. 94). Let us consider the displacement in 

which the angle MN coin¬ 
cides with the angle 
and the angle ABC coin¬ 
cides with an angle 
Since a displacement pre¬ 
serves orthogonality, (i42/:?2) 
is perpendicular to (M^N^), 
and (C^B^ to {MxN^), i.e. 
the angle A^B^^C^ is the 
plane angle of the dihedral 
angle and, hence, is 

congruent to another of its 
plane angles A^B^C^^ 

Thus, /_ABC ^Z. A 2 B 2 C 2 , 

Z_-4 062^2—-^^i^iC'i'jthere- 

fore, Z.ABC =Z.AiBxCx> 

2. Let the angle ABC be congruent to the angle 
These angles are plane angles of the dihedral angles MN 
and MiNxj respectively. Since /_ABC ^ /_AiBiCi, there 
exists a displacement which brings {AB) into coincidence 
with (^ 1 /^ 1 ), and (BC) with {BiCi). Moreover, the plane 
(ABC) coincides with the plane {AiBiCx)j and the edge (MN) 
with the edge {M^Ni) (indeed, {MN) is perpendicular to 



(o) (b) 

Fig. 94 
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{AliC), and {MiNi) to {A^BiCx)). Therefore, the plane a 
passing through the edge {MN) and point A will coincide 
with the plane a^, and the plane p with the plane p,. Thus 
the angle ail/iVp will coincide with the angle ajMiTViPi.' 


Sec. 39. The Angle Between Planes. 

Perpendicular Planes 

Definition 1. The angle between two intersecting planes is 
denned as the smallest of the dihedral angles formed hy 
these planes. 

Definition 2. Iwo planes a and p are perpendicular to 
each other (a _L P) if the angle between them is equal to 90°. 

Let us consider the properties of mutually perpendicular 
planes. 

Theorem 1. A plane a passing through a perpendicular p 
to the other plane p is perpendicular to the plane p. 

Given: pea, p _L p. 

Prove: a J_ p (Fig. 95). 

Proof. Let B = p p. The planes a and p intersect along 
a straight line (a f] P) 9 B. Through the point B in the 




plane p we draw a line q perpendicular to (a f] P)- Since 

(a n P) is perpendicular to p, and to q, the angle (pTq) = 90° 
IS a plane angle of the dihedral angle a f) P- Hence, a is 
perpendicular to p. 

Theorem 2. If two planes a and p are mutually perpendic¬ 
ular, then a straight line p drawn in the plane oc perpendicu- 











lar to the line of intersection of the planes a and p is perpen¬ 
dicular to the plane p. 

Given: a _L p, p cz a, _L (a f) P)- 

Prove: p JL p. 

Proof. Let p fl P = Through the point B we draw 
7 c: p and (/ _L (a fl P) (Fig. 95); (p, q) is a plane angle of the 

right dihedral angle app. Hence, (p, q) = 90°, i.e. p JL g. 
Since p J_ (a fl P) and p _L g, then p _L p. 

Corollary. If a and p are two mutually perpendicular 
planes and from a point A contained in the plane a a per¬ 
pendicular p is dropped onto the plane p, then it lies in the 
plane a. 

Given: a JL P, p _L P, >1 6 P (1 

Prove: p cz a 

Proof. From the point ^ 6 oc we draw g perpendicular to 
(a n P)- According to Theorem 2, g is perpendicular to p. 
If we suppose that p^ a 
(Fig. 96), then p ^q, and 
p fl q = A. But this means 
that two perpendiculars (p and 
g) are dropped from the point 
A onto the plane a, which is 
impossible. 

Example. A straight line 
{AB) passes through two 
points A and B lying in two 
mutually perpendicular planes 
a and p, respectively. The 
perpendiculars drawn from 
the points A and B to the 
line a fl P have lengths equal 
to a and 6, respectively. De¬ 
termine the length of the line segment [AB] and the 
lengths of its projections on the given planes if the 
distance between the feet of the perpendiculars is equal 
to c (Fig. 97). 

Obviously, [ADl = pr^ [AB],WB] = prplAZ?]. 
To find I AD |, | AB 1, and | BC \ consider /SACD and 
^ADB .In a right-angled isACD (here (i4C)J_a f) P) 
legs [AC] and [CD] are k nown. T herefore, | AD 1 = 

= y I AC p -j- I CD 1^ = y a- + Now in the right- 
angled C^ADB we know the legs [AD] and \DB]. Hence, 
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I I = y \AD p + |Z)fi |» = 6’> + c*. I liC 1 is 

found from the right-angled A [(^C)ipl: 

I 5C I = I* - MC I* = 1/c'* -f b\ 

Sec. 40. Orthogonal Projecting 

Orthogonal projecting is a particular case of parallel 
projecting in whicli the direction of projecting'is perpendic¬ 
ular to tlie plane of projection (see Sec. 19). Therefore, 

orthogonal projecting posses¬ 
ses all the properties of paral¬ 
lel projecting, i.e.: 

(1) an orthogonal projec¬ 
tion of a straight line is either 
a point, or a straight line; 

(2) orthogonal projections 
of parallel lines not perpen¬ 
dicular to the plane of projec¬ 
tion are parallel; 

(3) the ratio of the lengths 
of the segments of a straight 

line p is equal to that of their orthogonal projections. 

The plane p passing through the line p perpendicular 
to the plane of projection a is a projecting plane (see Sec. 19). 
This plane p passes through the line p and the perpendicular 
q drawn from an arbitrary point A ^pio the planea (Fig. 98). 
Indeed, according to Theorem 1 of Sec. 39, the plane p is 
perpendicular to the plane a, and from the corollary of 
Sec. 35 it follows that all the perpendiculars dropped from 
the points of the line p onto the plane a lie in the plane p. 
It is obvious, that the projecting plane is uniquely deter¬ 
mined by the straight line p if p is not perpendicular to 
the plane of projection. 

Orthogonal projecting is a mostly often used kind of 
parallel projecting, therefore the term “projection” should 
henceforth be understood as “orthogonal projection”. 

The method of orthogonal projecting is widely used in 
engineering drawing, which is based on Monges method 
consisting in orthogonally projecting a figure on two mutu¬ 
ally perpendicular planes: the horizontal plane 77 , and the 
vertical plane T'. 
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Example i. Given: a point Tlfj in the liorizonlal plane of 
projection, and a point A/g in the vertical plane. Under what 
condition are and A/g the projections of one and the 
same point in space? 

Solution. If Ml = pr^ M and A /2 pryr iU, then the 
plane 7 passing through the points A/^, Tl/g, and M is per¬ 
pendicular to the planes H and V and, consequently, is per¬ 
pendicular to the line of their intersection, i.e. to the axis 



Fig. 100 


Fig. 99 


of projection (XX^) (Fig. 99). Let ^ = 70 is 

obvious, that [MiO] is perpendicular to (XX^) and [M 2 OI 
to {XXi). 

Thus, if Ml and Afj are the projections of one and the 
same point A/, then the perpendiculars drawn from the 
points Ml and Af 2 to the axis of projection (XXj) intersect 
on this axis. Conversely, if Mi belonging to //, and A /2 
belonging to V satisfy the condition {MiO)J_{XXi) and 
{M 20 )_L{XXi), then they are the projections of one and 
the same point in space. 

Example 2. Given: the horizontal and vertical projec¬ 
tions of a straight line p, and the vertical projection of 
a point M belonging to p. Find the horizontal projection 
of the point M. 

Solution. By hypothesis, pi = pr,,p, P 2 =VW Py ^^2 = 
= pry 71/, where M belongs to p. Since M 6 P, then the 
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required point M, 6 (Fig. 100). On the other liand, M, 
and M^, being tJie projections of one and the same point M 
satisfy the condition {M^0)±{XX^) (see 

Example 1 ). From this it follows that to find the point A/) = 
- pTaM we have to draw (M^O) from the point perpen¬ 
dicular to (.^Xi) to intersect the axis (XXO at point O. 
and then from the point 0 in the plane H to draw (OMt) 
perp^ndmukr to (XX,) to intersect = pT„p. Obviously; 


Sec. 41. The Length of a Projection 

of a Line Segment. The Area of a Projection 
of a Plane Polygon 


Thwrem 1. Tke length of a projection of a line segment is 
equal to the length of the segment multiplied by the cosine of 
the angle formed by the segment with the plane of projection. 
Given: a line segment [AB], the plane of projection a, 

(p = {[AB\, a). 

Prove: | pr„ [AB] \ = U5].cos (p. 

? projecting plane p through (AB) 
(Fig 101) Obviously, (yl,/ij = pr„ [AB\. In the plane 6 
we draw {AC) parallel to {A^B,) to intersect (BB^) at the 
point 6. Considering the right-angled triangle ABC and 
taking into account that j A^B^ \ = \ AC \, we get 


I I = I AC I = I AB j-cos (p. 

Theorem 2 . The area of a projection of a plane polygon is 
equal to the area of the projected polygon multiplied by the 
cosine of the angle between the plane containing the polygon 
ana the plane of projection. 

Proof. Let us first suppose that the projected figure is a 
triangle ABC, whose side, say, [AC] lies in the plane of 
projection a (Fig. 102). Through the sides [AB] and ]AC] 
we draw a plane p, which will intersect the plane of projec¬ 
tion along a straight line {AC). From the point B wo drop a 
perpendicular [BD] onto the plane a, and from the point 
n nix ^ n a a perpendicular [DF] onto {AC) : {DF) fl 
fl {AC) = F. Joining the points B and F we get [BF], which 
IS perpendicular to {AC) (by virtue of the theorem on three 
perpendiculars). Thus, [DF] is the altitude of the triangle 
ADC, and [fiF] is the altitude of the triangle ABC,/: BFD 
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being a plane angle of the dihedral angle formed by the 
planes a and p. 

Two triangles ABC and ADC have a common base lAC], 
consequently, ^ S^bc \ DF \ : | |, and since 

\ DF \ : \ BF \ cos cp, we get • Sj^bc = cos ip, 

whence 


^ADc — ^rea of projection of ABC = 5^3^*cos cp. 


Let now the projected figure be a triangle none of whose 
sides lying in the plane of projection and being parallel to 
it (Fig. 103). In the triangle ABC through the vertex C we 



Fig. 101 



Fig. 102 


draw a straight line (CD) parallel to the line (XXi) = 
= (ABC) n and then through (CD) a plane parallel to a. 
As a result of this construction the projecting of the triangle 
ABC on the plane a is reduced to projecting two triangles 
on the plane parallel to a, with respect to which the condi¬ 
tions of the above considered case are satisfied. Since 


we have 


area of projection of BDC 
area of BDC 


cos cp and 


area of projection of ADC 
area of ADC 


cos 9 , 


area of projection of ^Pg-l-area of projection of ADC _ 

area of 5£)C4-area of ADC 

Hence, 

area of projection of i4flC = area of AflC*cos(p. 
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Let us finally suppose that the projected figure is any 
plane polygon. It can be divided by the diagonals into a 
number of triangles, with respect to which the theorem is 
proved. The ratio of the area of any of these triangles to 



Fig. 103 


Fig. 104 


the area of the projected triangle is equal to cos 9 , where 
q) = (a, P). Hence, 

area of pro ABODE = area of pra ABC -f area of pro ACD -f 
+ area of pra ADE = area of ABC • cos q)+arca of ACD . cos (p-|- 
+ area of ADE • cos ip = (area of ABC + area of ACD + 

+ area of ADE) • cos cp = area of ABODE ■ cos cp. 

Example. The area of tlie projection of a shed on a hori¬ 
zontal plane is equal to q. Find the area of the shed if the 
lateral rectangles are congruent and are inclined to the 
horizontal at an angle of 00°, and the middle portion of the 
shed which is a square with the side a is parallel to the hori¬ 
zontal plane (Fig. 104). 

Solution. The projection of the shed consists of tlie pro¬ 
jections of two lateral portions and the projection of the 
middle. The area of the projection of the middle is equal 
to or. Consequently, the area of the projections of two con¬ 
gruent lateral parts is equal to <7 — a ^. Whence, by Tlieo- 

rem 2 , the area of the lateral parts is equal to ■ = 

COS (10° 

= 2 {q — a®), and the total area of the shed to 2 (o — a^) -f 
+ = 2q-a\ 
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Sec. 42. The Area of a Projection 

of an Arbitrary Plane Figure 

Theorem. The area of a projection of an arbitrary plane 
figure is equal to the area of the projected figure multiplied 
by the cosine of the angle between the plane containing the 
figure and the plane of projection. 

Given: a plane figure the plane of projection a, (p = 

= (area of F, a). 

Prove: area of = area of F-cos (p. 

Proof. Let us lay a squared measuring grid on the figure F, 
the side of the squares being equal to 1/10^ (Fig. 105). Sup¬ 
pose F contains r such squares. We denote their join hy A^. 
It is clear, that the area of = r/lO"'* units^. Let denote 
the join of q squares containing F (in Fig. 105 this figure 
consists of Aj^ and the black squares). Obviously, = 
= q/l0‘^^ units-. When projected, tlie projection of F is 
contained inside the projection of B^ and contains the pro¬ 
jection of Ani pT^AnCi pr^F cz prJJj,. Therefore, 

area of pra .4^ < area of pra F<.area of pra 

where the area of pr^^^^j = area of yl^ cos (p and the area of 
P^a^Ti = area of B^ cos (p. These areas give the area of 
praF a lower and an*upper bounds,and as/I increases unbound¬ 
edly, these bounds approach each other with no limit; i.e. 

lim area of pra = lim area of pra 

n-+-oo n-»oo 

Since 

lim area of pra= lim area of^^.cosq) = area of F*cos (p, 

n->oo n->-oo 

we get 

area of pr* F — area of F■ cos (p, 

which was required to be proved. 

^amplc. A circle of radius R is projected on a plane 
inclined to the plane containing the circle at an acute angle (p. 
Find the area of the projection of the circle. 

Solution. The projection of a circle on a plane not paral¬ 
lel to it is always an ellipse (Fig. lOG). In this case the dia¬ 
meter of the circle [AB], which is parallel to the plane of 
projection, is projected into the major a.\is of the ellipse 
lAi/?i], and the diameter \CD] which is perpendicular to 
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\AB\, into the minor axis of the ellipse: | AiB^ | = 2^i = 
= 2/?, I CiDj I = 26 = I CZ) 1 cos (p =* 2//-cos q:. 

According to the above theorem, the area of the projec¬ 
tion of the circle is equal to its area n/?- multiplied by the 



Fig. 105 


Fig. 106 


cosine of the angle of projection, i.e. 


area of ellipse = cosq) = Ji/f-/? cos(p = Jia6. 

Thus, the area of an ellipse is equal to the product of its 
semi-axes multiplied by the number Ji. 

Sec. 43. Polyhedral Angles 

Let ABC ... F be a polygon and S a point lying outside 
the plane containing the polygon (Fig. 107,a). 

Definition. A set of all the points belonging to the rays 
[54/) where M runs along the polygon ABC . , . F is 
called a polyhedral angle. 
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lies entirely on one side of any plane containing one of its 
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Fig. 107 


Fig. 108 


faces. Fig. 107 illustrates a convex (o) and a concave (b) 
polyhedral angles. In our course we shall consider only 
convex angles. 

Any two faces of a polyhedral angle having a common 
edge form a dihedral angle. Plane angles of these dihedral 
angles are shown in Fig. 108. 

Polyhedral angles are also classified according to the 
number of their faces (or edges) as trihedral, tetrahedral, 
pentahedral, etc. 

Let us consider the following properties of polyhedral 
angles. 

Th^rem 1. The magnitude of any face angle of a convex 
polyhedral angle is less than the sum of magnitudes of the 
remaining angles. 

Given: a polyhedral angle SA^A^As • • • A„; and the 

mPCrnif.lirioc rkf -ifa _ 
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Proof. Let us first show that the magnitude of any 
face an^le of a trihedral angle is less than the sum of the 
other two of its face angles. 

Suppose that in the trihedral angle SAfiCZ_ASC is the 
largest face angle (Fig. 109) and draw a ray [SD) inside it so 
that / CSD is congruent toZ_CiS/?. Wethen lay off congruent 
line segments [iSZ)] and liSd/l on tlie edges 15Z?) and [SB), 
and draw an arbitrary plane (not containing S) through 



Fig. 109 Fig. no 

the points D and M. This plane will intersect the edge 
IiS.4) at some point L, and the edge 15C) at a point N 
(Fig. 109). The triangles DSN and MSN are congruent, 
since 15A^1 is a common side, | SD 1 = | SM |, and the 
angle ^iSiV is congruent to the angle Hence, \ DN | = 

= I MN |. 

From the triangle LMN we have 1 LN | < | LM \ + 
+ \MN \, OT I I + I I < I LM \ + \ MN |. Since 
I dN I = I MN I, we get ] LZ) 1 < 1 LM |. Comparing 
now the triangles LSD and LSM^ where [5L] is a common 
side, 15Z)1 ^ [SM] and \LD\ < 1 LM |, wo conclude that 

LSD < LSM. 


Adding DSN to the left-hand member of the last in¬ 
equality and (which is congruent to DSN) to the right- 

hand member, we get LSD DSN<i LSN-\-MSN, or 

ASC < AS BA- BSC. 

2. We shall prove the general case using the method of 
induction. Assume that the theorem is true for n ^ k — 
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— 1, i.e. 

< CPl + 92 + • • • + 9i-l + 9i+l + • • • + 9 a-i* 

Let us show that it is true for n = Ar, i.e. 

9/ < 9i + 92 + • • • + 9i-i + 9i+i + • • • + 9ft- 

Through the edges ISA^) and we draw a plane 

cutting off the given polyhedral angle a trihedral angle 

SAiAkAk-i. in which Ak-iSA^ < (Pk-i + (Fig- HO). 
By the induction assumption, 9i < 9i + 92 + • - - + 
+ 9i-i + 9i+i + • • - + ^1*5^ ft- 1 - Comparing both in¬ 
equalities, we get 

9 f < 9i + 92 + - • - + 9f-i + 9i+i + - • • 4- 9ft-i + 9ft» 

which was required to be proved. 

Theorem 2. The sum of the face angles of a convex poly- 
hedral angle is less than 360®. 

Given: a convex polyhedral angle SABCDE. 

Prove: 2 < 360°, where 2 is the sum of face angles. 

Proof. Let us draw a plane a not passing through the 
vertex S and intersecting all the faces of the polyhedral 
angle SABCDE (Fig. IH). Each vertex of the polygon 
ABODE is the vertex of the trihedral angle. By virtue of 
Theorem 1, we have for these angles 

ABC<,ABS^-S^C, 

cde^c'ds+sde, 

DEA < DES f stA 

^bce2s+^b. 

We then add both the left-hand and the right-hand sides 
of these inequalities. The left-hand member of the inequal¬ 
ity^ obtained is the sum of the magnitudes of the interior 
angles of the convex polygon which is equal to 2dn — 4d, 
where n is the number of the sides of the polygon. The right- 
hand member of the. obtained inequality is the sum of the 
magnitudes of the interior angles of the triangles less the 
sum of the magnitudes of all the angles of the triangles 
which have the vertex at point 5, i.e. 2dn — 2. 
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Tlius, 2dn — Ad<z 2dn — V, whence it follows that 
z < 360“. 

Example. In the trihedral angle depicted in Fig. 112 the 
face angle is a right angle, the two other angles A SB 
and ASC being equal to 60° each. The plane (ABC) cuts off 



Fig. in 


Fig. 112 


tl^ee equal segments from the edges [5.4], [55], and [5C]. 
Find the dihedral angle ABCS. 

Solution. Obviously, | 5.1 | = j 55 j = | 5C j = 


= 1.45 I = 1.45 I, therefore ABSC ^ a. 455 and 5.45 = 
= 90°. 

Let us construct the plane angle of the dihedral angle 
555.4: from the vertex 5 we draw [55]_l[55] and join 
D = (55) n (55) to A. Since [.45] and [55] are perpen¬ 
dicular to [55],^.455 is the plane angle of the required 
dihedral angle. 

Denoting [5.4 | = | 55 j = | 55 j = | .45 j = 

= 1.45 I = a, we have j 55 | = j 5.4 | = | 55 I and 
I 55 I* + I 55 P = a*. Thus, j 55 |® -[- | >15 j* = | .15 P, 


which means (see Sec. 42) that .455 = 90°. 

Sec. 44. Worked Problems 

Problem 1. The hypotenuse of a right-angled triangle 
lies in a plane a, and the legs are inclined to it at angles y 
and q). Find the angle between the plane containing the 
triangle and the plane a. 
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Solution. In the triangle ABC we draw the altitude [CF\ 
perpendicular to [AB]^ and project it on the plane a: ADB = 
= pr^ ACB, [DF\ = pr^ ICF] (Fig. 113). By the theorem 
on three perpendiculars, [DF] is perpendicular to [AB\, 
consequently, /jCFD is the plane angle of the required dihe¬ 
dral angle CABD. At the same time it is an acute angle 
of the right-angled triangle CFD. 

Let us introduce an auxiliary linear element | CD | = h. 
Then 

\AB\ =—:—-lAsin^v +sin2(p 

' ' sinysinq) ' ‘ ^ 

Since | AB |-1 CF \ — \ AC |-1 BC |, we have 


|C/^| = 


\AC\-\BC\ 

\AB\ 


/i* sin V sin (p 

sin V sin q> Y sin* y -|- sin* (p 


__ h _ 

Y sin* V + sin* 9 

Thus, in the triangle CFD the leg | CD 1 = h, the hypote¬ 
nuse I CF \ — hiy sin^ y + sin* 9 . 

Hence, 

sinCFZ?= \CD\I\CF\ = j/^sin^ y-f- sin^ 9 = 

= —cos 2 v)-f -~(1 — cos 2 (p) = 

= yi — cos(y + (p)cos(Y —(p). 

From this equation it is seen that for any 0 < y < 90° and 
0 < (p <; 90° the radicand is positive; hence, for these condi¬ 
tions there exists a solution which is unique. In particular, 
if 9 4 - y = 90°, then cos (9 + y) = 0 and smZJ^FD = 1 . 
This means that the plane containing the triangle is perpen¬ 
dicular to the plane a. 

Problem 2. The base of a triangular pyramid is an isos¬ 
celes right-angled triangle ABC (C = 90°). The length of 
the lateral edges of the pyramid is equal to 6 , and the length 
of the hypotenuse is c. Find the angles formed by the lateral 
edges with the base, and the dihedral angle at the edge [5CI 
(Fig. 114). 
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Solution. Since the lateral edges have equal lengths, the 
angles formed by them with the plane containing the base are 
also equal. The altitude of the pyramid is then projected 
into tlie centre of the circle circumscribed about the base. 



c 



Fig. 113 Fig. 114 


i.e. into the midpoint of the hypotenuse of the right-angled 
triangle ABC. Thus, [50] is perpendicular to (ABC), and 

SAO = SBO = 5C0. 

To find these angles let us consider the triangle A SO, 

in which M5 | = 6, \ AO \ = c/2. Then cos 045 = 

= cos SBO = cos SCO = c/(2b). * 

To construct the plane angle of the dihedral angle ACSB 
we draw [AD\ perpendicular to (C5] and join the points D 
and B (Fig. 114). Since the triangles ASC and BSC are con¬ 
gruent, BD is perpendicular to I5C] and, consequently, 
^ADB is the required plane angle. Furthermore, CsADB 
is an isosceles triangle, [DO] being its median, and, hence, 

its altitude, and its bisector. Therefore, A^B =2.4DO. 
In the triangle ADO we have \ AO \ = c/2, and the side 
[AD] is found from the triangle ACS, in which I 5C |x 
X I AD_^ = \AC I. I 5F I ([5F]J_UC1), where MC | == 
= clV2. Thus 


\AD\ 




lA — 


|SC| 


8 _cV8<»»—c» 
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Ab 










We now find 



Problem 3. In a cube the length of whose edge is equal 
to a find the distance between skew diagonals of two adja¬ 
cent faces. 

Solution. We first find the distance between the diagonals 
\AD^ and \DCi] (Fig. 115). This distance is equal to the 
distance from any point of one line, say (AD-^ to the plane 
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Fig. lie 


Fig. 115 


passing through the other line parallel to the first one (see 
Sec. 36). Since {AD^ is”parallel to (CjS), (,AD^ is parallel 
to (DCiB). 

Let us now find the distance from the point Di 6 (ADi) to 
the plane {DC^B). From the point we drop a perpendicular 
\DjO\ onto the plane (DCjB). Joining the vertices D, B, and 
Cl to the point Di we get a pyramid DiDBCi in which [DjO] 
is the altitude (Fig. 116). The base of the pyramid is a regukr 
triangle DCiB {\DB | = | | = | DC, | = a/2), 

I DiCi I = I DjZ) I = a, and | DiB \ = aY^. Since 
I I = I DJ) I, the foot of the altitude lies on the bisec¬ 

tor of the angle B. 

Consider the triangle BDiEy in which [D^O] is the alti¬ 
tude. In this triangle all the sides are known: ] /?£: ] = 



121 














mine DiBE: 


cos d;be = _ 

_ 3a« -i-3a«/2—a»/2 4 

2aV^3-oV6/2 ^ ‘ 

Hence, 

\ODi\ =sin D^E-\DiB\=-aYd,V\ — cos^D^E = a^, 

3 


Problem 4. Two face angles of a trihedral angle are 
equal to 60° and 45°. Find the magnitude of the third face 
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angle if the opposite dihedral 
angle is a right one. 

Solution. Let MSN = 45°, 

and MSP = 60° (Fig. 117). 
Through the point A taken on 
the edge of the right dihedral 
angle we draw a plane perpen¬ 
dicular to this edge which inter¬ 
sects the faces of the trihedral 
angle along the line segments 
UC]_L[5>1], [AiniASA], and 
[BCl 


By hypothesis, BAC = 90°. ASB = 45°, and we have 
lo determine the angle BSC. We shall find this angle from 
the triangle BSC, provided all its sides are expressed in 
terms of | 5/1 |. 

Putting I SA I = a and considering ^BSA, we have 
I I = I 5/1 I = a, I 5fi I =_oVT. From aCSA we find 
\AC \ = \ AS |.tan 60° = a]/3, | 5C | = M 5|:cos60° = 
= 2a. Hence, \ BC \ = y \ AB \^ + \ AC |* = 2a. Re¬ 
turning to i^BSC, we get 


+ F-; BC I* _ 2a*+4a*-4a» /2 

2|"5|.|gC| uV't-la 
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PROBLEMS TO CHAPTER 5 

1. From a point A 12 cm distant from a plane an inclined 
line [AB\ of length 37 cm is drawn to this plane. Find the 
length of the projection of the line [AB\ on the given plane. 

2. From the centre of a circle whose radius is equal to 
18 cm a perpendicular is erected to the plane of the circle. 
Find the distance from the end-point of this perpendic¬ 
ular to the circle if the perpendicular is 80 cm long. 

3. From the centre O of a circle whose radius is equal to 
3 dm a perpendicular {OB\ is erected to its plane. \AC\ is 
a segment of a line tangent to the circle at point A. Find 
I BC I if I AC I = 2 dm and | OB \ = 6 dm. 

4. In a rectangle ABCD \ AB | = 9 cm, | BC [ == 8 cm; 
[Z)F] is perpendicular to (ABCD). Find the distance from F 
to the vertices of the rectangle if | DF | = 12 cm. 

5. From a point situated outside a plane an inclined 
line 20 cm long is drawn to this plane at an angle of 45°. 
Find the distance from the given point to the plane. 

6 . Find the distance from the point A to a plane a if the 
distances from A to the points B and C lying in the plane a 
are equal to 51 cm and 30 cm, respectively, and the lengths 
of the projections of the inclined lines \AB] and \AC] are 
as 5 : 2. 

7. Drawn from a point located outside a plane are a per¬ 
pendicular of length 12 cm, and an inclined line (16 cm long) 
to this plane. Find the length of the projection of the perpen¬ 
dicular on the inclined line. 

8 . The legs of a right-angled triangle ABC are equal to 
12 dm and 16 dm. From the vertex C of the right angle a 
perpendicular [CM] whose length is equal to 28 dm is erected 
to the plane. Find the distance from the point M to the 
hypotenuse. 

9. The sides of a triangle are 15 cm, 37 cm, and 44 cm. 
From the vertex of the largest angle of the triangle a perpen¬ 
dicular is erected to the plane of the triangle equal to 16 cm. 
Find the distances from its end-points to the longest side. 

10. From a point D lying outside a plane three inclined 
lines are drawn, each of which forms an angle of 60° with 
the given plane. The feet of the inclined lines .4, B, and C 
are joined with line segments. Find the sides of the triangle 
ABC if the distance from the point D to the plane is equal 
to a and the angles ADB, BDC, CD A are congruent. 
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11. From a line segment \AB] found outside a plane a 
two perpendiculars are dropped onto this plane {lAC] and 
[BD]). Find the length of the projection of the line segment 
[AB] on this plane if [AB] = 26 cm, MC I = 32 cm, and 
I I = 22 cm. 

12. From the end-points of a line segment [AB] not lying in 
a plane a two perpendiculars are dropped onto this plane: 
\ AC I =80 cm and | BD | = 60 cm. Find the distance from 
the mid-point of the line segment [AB] to the same plane. 

13. The line segment [AB] is parallel to a plane a; B^ = 
= pr^fi. Find the length of the line segment [AB^] if it 
forms an angle of 30° with the plane a. 

14. From a point M on a straight line {AB) which is 
parallel to a plane a and 0.5 m distant from it two lines of 
equal length are drawn inclined to this plane and perpen¬ 
dicular to (AB). Find the length of tlie inclined lines if the 
angle between them is equal to 120°. 

15. From a point M situated outside two parallel planes 
two straight lines are drawn intersecting the planes at points 
A, B, Ai, and B^, respectively. Find the length of the line 
segment [AA^] if | BB^ | = 28 cm, and | MA \ : \ AB \ = 
= 5:2. 

16. The base [AB] of a trapezium ABCD lies in a plane a 
and the base [CD] is 4 dm distant from this plane. At what 
distance from the plane a is the point of intersection of the 
diagonals of the trapezium if | AB | : | DC | = 5 : 3? 

17. One of the sides of a rhombus lies in a plane a, 
while the opposite side is 16 cm distant from this plane. 
The projections of the diagonals of the rhombus on the plane a 
are equal to 32 cm and 8 cm. Find the length of the side of 
the rhombus. 

18. Two line segments are contained between two paral¬ 
lel planes. The projections of these segments on the planes 
are equal to 1 dm and 7 dm. Find the lengths of the segments 
if the difference between them is equal to 4 dm. 

19. A triangle is located outside a plane a. The distances 
from its vertices to the plane are equal to 4 dm, 5 dm, and 
9 dm. Find the distance from the centroid of this triangle 
to the plane a. 

20. Through the vertex C of the right angle of a triangle 
a plane is drawn parallel to the hypotenuse at a distance of 
20 cm from it. The projections of the legs on this plane are 
60 cm and 100 cm long. Find the length of the hypotenuse. 
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21. One leg of an isosceles right-angled triangle lies in 
a plane a. The hypotenuse forms an angle of 30"" with this 
plane. At what angle is the other leg inclined to the plane a? 

22. A point M is 15 cm distant from a plane a. Find the 
distance from M to a straight line p contained in a if pr^M 
is 20 cm distant from p. 

23. Given are two mutually perpendicular planes and a 
straight line intersecting them. The segment of this line 
enclosed between the planes is equal to Z, its projections on 
the given planes being equal to p and q. Find the projection 
of the line segment on the line of intersection of the planes. 

24. The distance from the point M taken inside a dihe¬ 
dral angle to either of its faces is equal to 2 dm. Find the 
distance of the point M from the edge of the dihedral angle 
if the angle between the perpendiculars dropped from M 
onto its faces is equal to 120*^. 

25. A point is taken inside a right dihedral angle at 
distances of 12 cm and 16 cm from its faces. Find the distance 
of this point from its edge. 

26. A dihedral angle is equal to 45°. The distance from 
a point belonging to one face to the other face is equal to 
1.5 dm. Find the distance of this point from the edge. 

27. A dihedral angle is equal to 120°. A point taken 
inside it is 6 dm equidistant from its faces. Find the dis¬ 
tance between the feet of the perpendiculars dropped from 
the point onto each face. 

28. The distance of the point M lying on one face of a 
dihedral angle from the other face is equal to 12 cm. At the 
point M a perpendicular is erected to the face containing 
this point which cuts the other face. Find the length of 
this perpendicular if the dihedral angle is equal to 60°. 

29. Find the length of the segment [AB] contained be¬ 
tween the faces of a dihedral angle if the projections of [AB\ 
on the faces are ecjual to 25 cm and 21 cm, and its projection 
on the edge is equal to 15 cm. 

30. Througli the hypotenuse of a right-angled triangle a 
plane is drawn which forms an angle of 60° with the plane 
containing the triangle. Find the distance from the vertex 
of the right angle of the triangle to this plane if the legs 
are equal to 6 dm and 8 dm. 

31. The hypotenuse of an isosceles right-angled triangle 
lies in a plane a and is equal to 40 cm. The plane is inclined 
to the plane containing the triangle at an angle of 30°. Find tlie 
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clislance from the vertex of the right angle to the plane tt. 

32. From a point on the edge of a right dihedral angle 
two straight lines are drawn on the faces at an angle of 45° 
to the edge. Find the angle between the lines. 

33. On a face of a dihedral angle two points are taken, 
which are 10 cm and 16 cm distant from its other face. 
Find the distance of the first point from the edge of the 
dihedral angle if the second point is 32 cm distant from 
the edge. 

34. The end-poiiits of a line segment 7.5 dm long lie on 
the faces of a right dihedral angle and are 50 cm and 55 cm 
distant from the edge. Find the length of the projection of 
the line segment on the edge of the dihedral angle. 

35. How many faces has a convex polyhedral angle if each 
of its face angles is equal to: (1) 90°; (2) 60°; (3) 45°; (4) 30°? 

36. Each face angle of a trihedral angle is equal to 60°. 
On one of the edges a line segment 9 dm long is laid off from 
the vertex, and from its end-point a perpendicular is drawn 
to the opposite face. Find (to within 0.1 cm) the length 
of this perpendicular. 

37. In a trihedral angle two face angles are equal to 60° 
(each). On their common edge a line segment 4 dm long is 
laid off from the vertex. Find its projection on the plane 
containing the third face angle which is equal to 90°. 

38. Inside a trihedral angle with right face angles a 
point is situated at distances a, ft, and c from its edges. 
Find the distance of this point from the vertex of the tri- 
liedral angle. 

39. From the vertex of a trihedral angle with right face 
angles a line segment is drawn inside the angle whose projec¬ 
tions on the edges of the trihedral angle are equal to 25 cm, 
50 cm, and 50 cm. Find the length of this line segment. 

40. Prove that straight lines p and q are mutually perpen¬ 
dicular if p is parallel to a plane a, and q is perpendicular to it. 

41. Through three points lying on the edges of a trihe¬ 
dral angle with right face angles a plane is drawn intersect¬ 
ing the edges at points A, B, and C, Prove that the square 
of the area of the triangle ABC is equal to the sum of the 
squares of the areas of the triangles AOB, BOC, and AOC, 
where O is the vertex of the trihedral angle. 

42. Through the edge of the base of a cube a plane is 
drawn at an angle of 28° to its base. Find the area of the 
section figure if the edge of the cube is equal to 31 cm. 


CHAPTER E 


THE COORDINATE METHOD 


Sec. 45. Rectangular Coordinate System 

Let us first consider two mutually perpendicular straight 
lines on a plane intersecting at point O, From this point we 
lay ofl two unit vectors on these lines (see Fig. 118). One 
of the lines (which are termed coordinate axes) is usually 
called the axis of abscissas (or the horizontal axis); the unit 

vector laid off on it is denoted by i. On the other line called 

the axis of ordinates (or the vertical axis) the unit vector / 
is laid off on that side of the point O which enables the 

least rotation from i through / to be carried out anticlock¬ 
wise. Thus, the unit vectors i and / specify directions and 
scale units on the coordinate axes. 

Definition 1. A combination of two mutually perpendic¬ 
ular straight lines with established directions and an ap¬ 
propriate scale unit is called a rectangular coordinate system 
on a plane. 

Let a be an arbitrary vector lying in a plane a on whicli 
a rectangular coordinate system is specified. Since the vectors 

i, 7 , and a are coplanar, then (see Theorem 2 of Sec. 27) the 
vector a can be uniquely presented in the form a = zi + yj. 

To obtain this decomposition, the vector a must be translated 
so that its origin is brought into coincidence with the origin 

of the coordinate system, i.e. with the point 0. Then a is 
the diagonal of a rectangle constructed on tlie vectors xi 
and yj as sides (see Fig. 118). The vectors xi and yj are called 
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the components of the vector a, and the numbers x and y 
Its coordinates in tlie given coordinate system, x being the 
abscissa and y tlie ordinate. The coordinates of a vector are 
written in braces: a {x, ?/} or o = {x, y). 

Let M be an arbitrary point in a plane. Tlie vector OM 
drawn from the origin O of the coordinate system to the 
point M is termed the radius vector of the point M (Fig. 119). 




Fig. 119 


Definition 2. The coordinates of a poi t M are defined as 

the coordinates of its radius vector OM: M (x u) or M = 
(^1 y)- 

Let us take three mutually perpendicular straight lines 
in space which intersect at point O, and lay off on them (from 

the point O) unit vectors denotedJiy 7 , /, and 7 . Depending 

on how we lay off the vectors 7 , 7 , k, we get a right-hand or a 
lelt-nand coordinate system. 

A coordinate system is said to be right-Jiand if a rotation 
oi the first vector which brings it to coincidence (by the 
shortest route) with the second vector is performed in an 
anticlockwise sense for an observer at tbe terminal point of 
Ip® !io<, (fig- 120). If the rotation is clockwi.se 

.r^’*coordinate system is called left-hand. 
We shall consider here the right-handed coordinate system 

The vectors i, f, and k specify the direction and the scale 
unit on each of the three straight lines, i.e. they specify a rec¬ 
tangular coordinate system in space (see Definition 1). 
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The axis containing the vector i is called the axis of 

abscissas, the axis containing the vector / the axis of ordinates, 

and the axis containing the vector k the axis of z-coordinates. 

Let a be an arbitrary vector in space. According to Theo- 

rem 3 of Sec. 27, a is a linear combination of tliree non-copla- 

nar vectors i, j, and k, i.e. it can be expressed in tlie form 

a ^ xi + yf + zk, the numbers x, y, and z being defined 
uniquely. 


To obtain this decomposition the vector a should be trans¬ 
lated so that its origin coincides with the origin of the 



JFig.J20j 



coordinate system, i.e. with the point O, Then the vector a 
will coincide with the diagonal of the parallelepiped con¬ 
structed on the vectors xi, yj, and zk as sides. These three 

vectors are termed the components of the vector a, the numbers 
X, y and z being its coordinates in the given coordinate system: 
X is the abscissa, y the ordinate, and z is the z-coordinate 
(Fig. 122). As in the case of the vector in plane, the coor- 

dinates of a space^vector are written in braces: a {x, y, z}, 
or a = {x, y, z}. 

The coordinates of the point M in space coincide with the 
coordinates of its radius vector OM: M (x, y, z), or M = 
= y. z). 

The basic significance of the coordinate method consists 
in that linear operations on vectors are reduced to corre¬ 
sponding linear operations on numbers, i.e. on the coordinates 
of these vectors. 


9-0359 
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Theorem. In adding two vectors a and ^ their like coordi¬ 
nates are added, and when multiplying a vector a by any num¬ 
ber a all its coordinates are multiplied by this number. 



Given: aj= y^, Zj}, b = {x^, y^, z^). 

Prove: (a + 6) = {x^ + jtj. y, + z, + z^^,, aa = 
= {^ 1 , ayi, azi}. 

Pro^. Bj hypothesis a = xj + yj + z^k and 

6 = Xji + yj + zji. Then, using the property of the sum 
of vectors (see Sec. 25), we have 

a-\-b = (xti + y,7+ zjc) + (xj + yJ + ZjA) = 

= (xj + X2) i + (j/j 4- yz) 7 + (zi + Z2) 
which means that the numbers Xj + Xj, y^ yz, Zj are 
the coordinates of the vector a + b, i.e. (a + fe) = {xj -f 
+ ^2* Vi + h + Zj}. 

Analogously, by virtue of the property of multiplying 
a vector by a number (see Sec. 26), we have 

aa = a (x,i -f- yj + z,fc) = axii + ayj + az,/f. 

Hence the numbers ax^, ay^, azj are the coordinates 
of the vector aa, i.e. aa = {ouc^ azi). 

Problem 1. Find the coordinates of the vector 
if the coordinates of its initial and terminal points are 
known: y^, z^). 
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Solution. We dra^^^e radius vectors and 

(Fig^£23). (^viously, qM^= OM^ + i.e. ^ 

^2/7 then, by the above theorem, we have 


MiA/z = {X2 — arj, i/2 — !/i, Z2 — z,}. 


We have obtained an important result: the coordinates 
oj a vector are equal to the difference of like coordinates of its 
initial and terminal points. 

Problem 2. Find the I^gtb of the vector a (x, y, z). 

^ Solution. Byhypothesis,a=x7+j/7 + zl, and the quantity 

I a I is equal to the ^agonal of a rectangular parallelepiped, 
whose sides are | xT | = | x |, 1 p7 I = | y | and | zifc | = 

|a| = y x2 -f- p2 -f z2 . 


Thus, the length of a vector is equal to a square root of the 
sum of its squared coordinates. 

Since the coordinates of the point M (x, y, z) coincide 
wU^the coordinates of its radius vector OM {x, y, z) and 

I OM I is equal to the distance of the point M from the 
origin of coordinates the result obtained may be formulated 
as follows: the distance of a point M (x, p, z) from the origin 
of coordinates is equal to a square root of the sum of the squares 
of its coordinates p (0, M) = y^x* + i/* + z*. 

^oblem 3, Find the distance between two points 
( 2^11 Vu 2 i) and {x^, y^, z^). 

Solution. Since p M^) = | |, and = 

— {^2 1/2 — yi7 Z 2 —Zi}, then 


p {Ml, M 2 ) = y (Xz — Xi)^ + (P 2 — l/,)2 + (Zj - Z,)2. 


9 * 
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Sec. 46. Expressing a Scalar Product of Vectors 
in Terms of Their Coordinates. 

The Equation of a Plane 

Let a = { 3 : 1 , i/i, Zi) and b {^ 2 , ^21 ^ 2 )* Accordir^ to 
the properties of a scalar product (see Sec. 29), we have 

a. 6 = {Xii + yj + * (^ 2 ^ + 1 / 2 / + ^ 2 ^) = 

= x^X2 (i • 0 + ^ii/2 • 7 ) + ^ 1^2 (i • ^) + (7 • 0 + 

+ y^yi (7-T) + 1/i22 (7-*) + (^ 1 ^ 2 ) (*-0+(^ii/2) (A:*7)+2 i 22 (/p-fc). 

Since the vectors L T, and A are mutually orthogonal and 

I TI = I T I = 1 * 1 = 

i.jf = y. i = i«fc = &-i = fc*7 = 7 •^ = 0i 

and 


iT.ri = i7-7i = i*-*i = i* 

Therefore 

a • 6 = + yi !/2 + ^ 1^2 = 0- 

Thus, a scalar product of two vectors is equal to the sum 
of products of their like coordinates. ^ ^ 

Knowing the coordinates of the vectors a and 6, it is 
easy to compute the angle between them. Indeed, 

~a-b xiXi+ yiy2 + HH 

Vx\ + yl + z}Yxi + yl + zl ' 

In particular, if the vectors a {xi, i/i, z^} and b {x^, y^, z^} 
are orthogonal, then o*6 = 0 and, consequently, 

X 1 X 2 + PiJ/a + ZiZj = 0- (2) 

The equation thus obtained may be considered as the 
test for orthogonality of two non-zjero vectors. ^ 

Example 1. Given the vectors a = {6, 2, 3} and b = 
= (1, 1, K2}. Find the angle between them. 
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Solution. By formula (1) we find 



8 1-3 v^2 

14 




Hence 



Example 2. For what values of a are the vectors a = 
= {2, a, a} and 6 = {1, —6, 4a} orthogonal? 

Solution. The given vectors are orthogonal if a-b = 0. 
Expressing this equality in terms of coordinates, we get an 
equation for determining a: 2 — 6a -f 4a® = 0, aj = 1, 
aj = —1/2. 

Problem i. Write the equation of a plane passing through 
a given point Mo {Xg, i/o, Zo) perpendicular to a given direc- 

tion determined by the vector n = {A, B, C). 

Solution. Any vector perpendicular to a plane is called 
its normal vector. Obviously, there exists the unique plane 
passing through a given point perpendicular to a given 
direction. 

It is required to find an equation connecting x, y, and z 
such that: 

(1) the coordinates x, y, z of any point belonging to the 
plane satisfy this equation; 

(2) the coordinates of a point not belonging to the plane 
do not satisfy this equation. 

To derive the equation of the plane a we take on it an 
arbitrary (moving) point A/(x, y, z): 71/g a. Since the point 

^0 (^ 0 ,2/o» 2o) also'belongs to a, MMq lies in'the^plane a, 

and n is perpendicular to MMq. 

Making use of the condition (2) of orthogonality of two 

vectors, we have n-MMg = 0, where n = {A, B, C) and 

MMg— {x — Xg, y — Vo, Z — Zp}. Writing a scalar prod¬ 
uct in the coordinate form, we get the required equation 
of the plane: 


A (x — Xg) + B {y — yg) + C {z — Zg) = 0. (3) 


Indeed, the coordinates of any point M ^ a satisfy this 
equation. But if the point M {x, y, z) 6 a, then MMg is 


133 








not perpendicular to n and tlierefore MM.-n =^0 i.e its 
tfo^n^obtained*^ nullify the left-hand member of the equa¬ 
te equation of the plane passing 

hrough the point M (I, 2, — 1 ) perpendicular to the bisector 
of the angle xOy. 

_ for instance, the vector n = 

— ( 1 , 1 , U} as the normal vector of the required plane 
1 hen we get 

1 (X - 1) -M (y _ 1) + 0 (z + 1) = 0, or X -f y = 2 . 

equations of the coordinate 

planes xOy, yOz, xOz. 

Solution. The plane xOy passes through the point (0, 0, 0) 

and is perpendicular to the vector k = {0, 0, 1 }, its’ equa¬ 
tion has the form 0 (x — 0) -f- 0 (y — 0) -f 1 (2 _ 0) = 0 
* ^ equations of the planes yOz and xOz (x = 0 

and y = 0, respectively) are obtained in a similar way. 

, fhe equation of a plane passing through 

.T'anTS. (-.■ I 

Solution. Let us^denote the required plane by a, and its 

normal vector by n = {a, b, c). Since tbe required plane 
^sses through the point M, (x^, y,, z^), its equation is 
written in the form 


~ ^ 0 ) b {y — y^) -f- c (2 — 2 o) = 0 (4) 

tion their coordinates satisfy the equa- 


a (x, — x^) + b (yi _ y^) -f ^ ( 2 ^ _ 2 ^) = 0 1 
a (x, _ Xj) -I- 6 (y^ _ y^j) _|. c (22 — 2 o) = 0 1 

Thus, we get a system of two homogeneous equations in 
hree unknowns a, b, and c, from which we can express anv 
two in terms of the third unknown which is non-zero 
For instance, we can find a and b (c =^0): 


n — ■ (Vl—-V q) (z? — ^o) — ({ 19 — .Vi) iZ.—2.1 

(*i —yo)(2 :*—Zo)-(!/2-*o)(*i —zo) 

(^1—Xq) (y? —.Vq) —(iq —Xp) 


134 





Substituting a and b into (4), we have 

Ui/l ^/o) (^2 ^o) {y^ — I/o) (^1 — ^ (-^l — ^o) " 4 " 

“f" [(^1 sTq) (^2 Zq) {x2 Xq) (zj — Zq)] c (y — -f- 

+ l{Xi — Xo) (r/2 — yo) — (^2 — ^o) iUi — I/o)l c{z— Zo) = 0 , 

and reducing by c we find the required equation: 

f(^/l yo) (^2 ^o) {y2 — ^o) (^1 — — ^o) 

+ [(xi Xq) (z2 Zq) (^2 — Xq) (zj — Zq)] {y — yo) + 
+ I(Xi — Xo) (l/2 — yo) — (- 2^2 — -Z^o) OJi — ^o)l (2 — Zo) = 0 . 

(5) 

It is easy to check that all three points Mq, Mi, and M2 
belong to this plane, i.e. their coordinates satisfy its equa¬ 
tion. 

Note. The equation obtained can be written in the form of 
a third-order determinant. The left-hand side of the equation 
(5) is an expansion of this determinant in terms of the 
elements of the first row. 

The reader familiar with the vector product can derive 

the equation (5) in another way. Since the vectors M^Mq 

and M2M0 lie in the plane a, their vector product MiMo X 

X M2M0 is perpendicular to a and may be taken for a nor¬ 
mal vector. 


Sec. 47. Expressing the Vector Product 

of Two Vectors in Terms of Their Coordinates 

Let a = {Xi, z^} and b = {x2, y^j 22}. Using the prop¬ 
erties of a vector product (see Sec. 30 ), w^e have 

axb = (xji -f- yj -f- zjc) X (xj -f- y^ + z^) = 

= X1X2 (i Xi) + x,r/2 (i X 7) + X1Z2 (7 X *) + 

+ 2/1^2 (7 X 0 + 2/1.V2 (7 X 7 ) + iJiZz (7 X *) + 

-f 2 i ^2 X 0 + z^yz (k X 7) -f- Z1Z2 (kxk). ( 1 ) 
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Since the vectors i, and k are mutually orthogonal and 
M I = I / I = 1^1 = 1* we have 

ix7=X,/ xi=—k,iXk = i,kxi= —i,kxi = j. 
ixk=—j,ixi = jxi = kx k = 0. 

Substituting the found vector products of the vectors i, k 
in equation (1), we get 

axh = Xii/zk—XiZz} — yiXzk-{- y^Zzi + XzZij — Zxyzi = 

= i — (^1^2 — ^22 i ) 7 + (3:1^2 — ^2^1) *• 

For a better memorizing of this formula we write the con¬ 
tents of each parenthesis in the form of a determinant: 


Then 


7/122 — 21^2 = 


1 / 2^2 


— J^22 i 


•2^17/2 — ^27/1 


^2l/2 


Xi2i| 

^2^2 I • 


i/l^l I ^_ 



1/222 1 

TjZj 1 



This result is easily memorized if use is made of the 
following table (matrix): 

I -^ii/i^i II 

1 II * 


in which the first row contains the coordinates of the first 
vector (a), and the second row the coordinates of the second 

vector (h). Then the coefficient of i is the determinant obtained 
by deleting the first column from this table, the coefficient 

of 7 is the determinant obtained by deleting the second 
column and taken with the minus sign, and the coefficient 

of k is the determinant obtained by deleting the third col¬ 
umn. 

Example 1. Find the vector product of the vectors a = 
= i 4- 2/ and ft = 3i — / + 2k. 
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Solution. Let us compile a table from the coordinates of 
the given vectors: 

II1 2 0 I 

lla —1 2 r 


Then 

ax b = 


2 0 

-1 2 


1 

3 



1 

3 


= —2/ —7fc. 


Using the vector product, we can compute the area of a 
parallelogram, of a triangle, 
and, hence, of any polygon. 

Example 2. On the edges 
Ufil, [BCl, and [DDJ of a 
cube ABCDAiBiCiD^ points 
of F, Q, and H are taken. 

Find the area of the triangle 
FQH, if \AF I : \ FB \ = i:2, 

\ BQ \ : \ QC \ = i : i, 

\DH \ : \ IID^ I =1:3. 

Solution. The [area of the 
triangle FQH is equal to hall 
the area of the parallelogram 
constructed on [FH] and [F^l 
as sides, and this area is nu¬ 
merically equal to the length 

of the vector product of the vectors FH and FQ^ i.e. Spqn = 

= I /W X ^ |. ^ 

Let us introduce a coordinate system so that i = AB^ 
AD, Iz ^ AA^ (Fig. 124). In this system FH = Fi4 + 

-f AD DH = —J ^ ^ ~ { T’ 4^}’ ^ 

dinates of these vectors, we compile a table 



we find 

FHxFQ = 


1—1/3 1 1/411 

1 2/3 1/2 0 Ir 


1 

1/2 


1/4 

0 


1 — 


-1/3 

2/3 


1/4 

0 






4 - ' T 

+-^1 —g-fr- 


— 1/3 1 

2/3 1/2 
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Hence, 


S 


fqh — 


2 





Sec. 48. Expressing the Triple Product of Three 
Vectors in Terms of Their Coordinates 

Lei a = {x^ b = {xg, c = (xg, y^, z^. 

As IS known, the triple product of three vectors is a number 

equal to a scalar product of the vector a x"6 by the vector 
c (see Sec. 37). Since 


we get 


ax6 = | 


y\ H 

Vt ^2 


I — 



Vi 

^2 ^2 





Vi 

*2 J ^2 


zs. 


Tins formula can be written in the form of a third-order 
determinant: 


ab c = 


y\ zi 
y2 22 


(1) 


^3 y ^ 23 

(see Note in Sec. 46). 

^ Example, ^ind the triple product of three vectors 

a (1 0, ~1}, % {0, 1, 2}, and 7 {3, -1, 1}. 

Solution, By formula (1) we have 


a b c = 


fo —1 
2 


3- 


11 -1 

|o 2i 


(- 1 )+ 


1 1 0 
0 1 


l = 3-|-2-f 1 = 6. 


Sec. 49. Worked Problems 

Problem 1. Find the angle between the diagonal l/W,\ 
of the rectangular parallelepiped ABCDA^B^CiD, and the 
diagonal U^Z)] of its face, if \ AD \ = \, \ DC \ = Z 
\DD^\ = y\B. II. 

Solution. Let us introduce a rectangular coordinate system 
with the origin at point D, and with the axis of abscissas 
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(or the x-axis) directed along the straight line (DA , the 
(/-axis along the line (DC), and the z-axis along the line 

(DDy) (Fig. 125). Then BD^ = BC A- ^ DD^ = —f- 
- 37 + Vi5k= (-1, -3, ]/T5}, ZM, = ^ = 

=7 + y 15A: ={1,0, {/^15}. According to the formula (1) 
of Sec. 46, we get 


cos {BDi, DAi) = 


t (-l) + (-3) 0+ /T5-/15 

/1 + 9+15./1+0+15 


7 

10 • 


Consequently, the angle between the lines (A^D) and (BD^ is 
equal to arccos (7/10). 

Problem 2. The projection of an isosceles triangle 
ABC {\AC\=\BC I) is a right-angled triangle ABC^. 




Find the dihedral angle between the planes (ABC) and 
(ABC^ if the altitude [CD] of the triangle ABC forms an 
angle (p with the side W^A] (Fig. 126). 

Solution. Since [CC^ is a perpendicular to the plane 
ABCx, and [CJ)] is perpendicular to [AB], then lCDC^ 
is the plane angle of the required dihedral angle. Suppose 

I CCi I = ^ and C^y = a. Then | CjD | = II cot a, 
\CyA \ = \ CyB \ = V 2H cot a. 

We now introduce a rectangular coordinate system whose 
origin coincides with the point Cy, the x-axis with the line 
(CyA), the y-axis with the line (CyB), and the z-axis with 
the line (CyC) (see Fig. 126), 
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Let us write in this system the coordinates of the vectors 
CD and Since the lengths of the vectors CyA^ 

and CiC, lying on the coordinate axes are known, we have 
c^A = y^2// cot a*i = {J/ 2H cot a, 0, 0}, = H^k = 

= {0, 0, H). Then CD = = —C^ + ^(C~^ + 

+ H cot cot a, —//} . 

By hypothesis, the angle between the vectors C^A and 

CD is equal to (p, therefore, by the formula (1) of Sec. 46, 
we have 


cosq) 


C^A-CD 

\C^\-\^D\ 


YIH cot a H cot a 
V 2 H cot a.-H Vl + cot* a 


cos a 


whence a = arccos ()/2 cos (p). The problem has a solution 
if 0 < y^2 cos (pel, i.e. if jt/4<: cp <n/2. 

Problem 3. Find the distance between the diagonals 
[i4£)j], [DC^ of twoj^adjacent faces of a cube ABCDAiB^CiDi 
_ if the edge of the cube is 

equal to a. 

Solution. This problem was 
solved in Sec. 44 (Problem 3). 
Let us solve it here using 
another method. 

Let [MN] be a common 
perpendicular to the lines 
{AD^ and (/JCj), where 
M 6 {AD^) and N 6 {DC^) 
(Fig. 127). We then introduce 
a rectangular coordinate sys¬ 
tem, in which point A is 
the origin, the x-axis coin¬ 
cides with the line {AB), 
the y-axis with the line 
{AD)^ and the 2 -axis with 
the line (AAi), In this system 

AB — ai, AD = a/, ^4^4^ = 



Fig. 127 












= {a, 0, o}. Since AM \s collinear with AD^ and DN 
is collinear with DCi, then AM = ctADy — {0, aa, ao} 
andj^ = = {Pa, 0 , pa}, where a and p are num¬ 

bers. Consequently, MN = AD -t- DN — AM = {Pa, a X 
X (1 — a), (P — a) a). The numbers a and p can he found 

from the condition of perpendicularity of MN to the vectors 
ADi and (see formula (2) of Sec. 46). We have 
a 2 (l-a)-f-a 2 (P-a) = 0 ,l p-a-l-l = 0 ,| 
a2p-l-a2(P —a) = 0,j 2p —a = 0r 


Solving this system, we find a — 2/3, P = 1/3, and MN — 
= {o/3, a/3, —a/3). The required distance | MN 1 = 

/ a 2 , a 2 , 02 _ ayi 

■9 9 9 3 • 

Prior to passing over to solving problems on computing 
section areas, let us derive one more very useful formula. 
Problem 4. Prove that the area of any triangle ABC 


5ABC=-f 


Proof. We have 

5abc = 4- sio <P. 


/\ 


where (p = ABC. On the other hand, 


( 2 ) 


therefore 

sin 


AB-BC 

cos 9 — ’ 


in 9 = y 1 — cos* 9 = 1 • 


(AB-BC) 


'\AB\*-\BC\^ 


Substituting the found value of sin 9 in (2), we get 

5abc = 4-^ \AB\^-\BC\^-(AB.BC)^ , 

which was required to be proved. 

Problem 5. A plane is drawn through the vertex A, 
the midpoint of the edge [BC] and the centre of the face 
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CDC\Di. Find the area of the section thus obtained if the 
edge of the cube is equal to 1. ^ 

Solution. We iulroduce a coordinate system: AB = i, 

AD = 7, AAi = A*, in which A (0, 0, 0), 5 (1, 0, 0), the 

midpoint of the edge IBC], 
i.e. point E (1, 1/2, 0), the 
centre of the face CDDiCi, 
i.e. the point M (1/2, 1, 1/2) 
(Fig. 128). 

We then find the intersec¬ 
tion of the cutting plane with 
the edges [DDil (point Q) and 
[CCi] (point F). Obviously 
Q{0, 1, Zq) and F(l, 1, Zp), 
and we have to hnd Zq and Zp. 

The points Q and F lie in 
the plane passing through the 
given points A (0, 0, 0), E 
(1, 1/2, 0), M {i/2, 1, 1/2). 

Let us write the equation 
of this cutting plane. 

Proceeding in the same way as in Problem 2 of Sec. 46, 
we introduce the coordinates a, b, c of the normal vector: 

n = {a, 6, c}. 

Then 



Fig. 128 


ax + by + cz = 0 


(3) 


is the equation of the plane a. 

The coordinates of the points E and M satisfy this equa¬ 
tion (the point A was already used), i.e. 


a -\--^b = 0 


Solving this system with respect to b and c, we find: 
b = —2a, c = 3o. Substituting these expressions into the 
equation (3) and reducing by a ^0, we find the equation 
of a: X — 2i/ + 3z = 0. 

Now it is easy to obtain the coordinates of the points Q 
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and P, Since Q and P ^ a, then 

_^.0-^.1 + ^Zy = Oand-^.l-+ ^Zp= 0, 


whence Zq = 2/3, z^ = 1/3, and(^ (0, 1, 2/3), F (1, 1, 1/3). 

Thus, the section figure is a quadrilateral AQFE, the 
coordinates of whose vertices are known. Its area is equal to 
the sum of the triangles QAE and QFE to be computed by 
the formula (1): 

^AQFE=^ ^QAE~\- ^QFE = ^ ^ \AE\^— {AQ • AE^-{• 

+ 4"^ \PQ\^\FE\^-{FQ.FEY . (3) 

Since AQ = {0, 1, 2/3}, = {1, 1/2, 0}, FQ = (-1, 

0, 1/3}, ft = {0, -1/2, -1/3}, 

|FC/|2 = H-^=4. 


then, substituting these values in the equation (3), we find 


'sec 


_ 1_ i/j3 _5_ l_ ^ ^ / 10 13 1 _ 

~ 2 y 9'4 4 2 y 9*36 81 “ 

1 i 1/14 , Vi4 \ V54 

= T-(—+ -6-)=— 


Problem 6. A cube is cut with a plane passing through 
one of its diagonals; the length of its edge is equal to 1. 
How must this plane be drawn to obtain the least area of 
the section? 

Solution. Suppose this plane passes through the diagonal 
[AC^ (Fig. 129) and intersects the edge [BB^ at point E 
(the case when the plane intersects the edge [AJ)^ or [A^B^] 
is considered analogously and yields the same result). It is 
obvious, that the point E determines the section. Denoting 
the intersection of the cutting plane with the edge (DD^ 
by F, we see that the section AEC^F is a parallelogram, 
since [ECy\ || UFl and [C^F] || [AE]. 
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We now introduce a coordinate system, putting AB = 
i, AD = /, AAi = /r, and denote | HE \ by z. The area 



of the parallelogram AECiF is equal to twice the area of 
the triangle AECi, therefore 


5sec = 2. Saec, = y\AE\^.\AC,\^- {Te .• 

Since = {1, 0, z}, = (1, 1, 1}, we have \AE = 

= 1+2*, I AC^ I* = 3, = 1+2, and, hence. 


5sec = /3(l+2*)-(l+2)* =y 2 ( 22-2 + 1) unit*. 

Let us find out for what values of z ^sec attains the least 
value, for which purpose we write it in the form 

■5sec= ]/^2[(z—+ unit*. 

Whence it is seen that the least value of S is attained for 
z = 1/2, i.e. when the cutting plane passes through the mid¬ 
point of the edge [fifiil, and 

5ieast = V^2 unit^. 
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r»kOBL£MS to CHAPTER 6 

1. Given points A (3, —1, 2) and B (—1, 2, 1). Find 
the coordinates of the vectors AB and BA. 

2. Compute the length of the vector {6, 3, —2}. 

3. Given two coordinates of a vector: x = — 1 , and 
y = 2. Find the third coordinate of the vector if its lengtli is 
equal to ]/14. 

4. The terminal point of the vector a = {3, —1, 4} 
coincides with the point N, and the initial point with the 
point A/ (1, 2, —3). Find the coordinates of the point N, 

5. Determine the coordinates of the initial point of the 

vector a = {2, —3, —1} if its terminus coincides with the 
point (1, —1, 2). 

6. The vectors = {2, 6, —4} and ^ = {4, 2, —2} 
coincide with the sides of a triangle ABC. Determine the 
coordinates of the vectors reduced to the vertices of tlie 

triangle and coinciding with its medians AM, BN, CP. 

7. Given the vectors a = {4, —2, —4}, b = {6, —3, 
2}. Compute: (1) a-b, (2 )}^ a^ (3) (2a — 36) (a + 2b). 

8. Compute the work performed by the force7= {3, —2, 
—5} for the time during which the point of its application 
displaces in rectilinear motion from the position A (2, —3, 
5) to the position B (3, — 2, —1). 

9. Given the vertices of a quadrilateral A (1, —2, 2), 
B (1, 4, 0), C (—4, 1, 1), and D (—5, —5, 3). Prove that 

its diagonals AC and BD are mutually perpendicular. 

10. Determine for what value of a the vectors AB = 

= ai — 3/ + 2k and CD = 1 + 2/ — ak are mutually per¬ 
pendicular. 

11. Compute the cosine of the angle q? formed by the 

vectors a = 2i — 4/ + Ak and 6 = —37 + 2f + (ik. 

12. Given the vertices of a triangle: A (—1, —2, 4), 
B (—4, — 2, 0), and C (3, — 2, 1). Find the magnitude of 
its interior angle at the vertex C. 

13. Given the vertices of a triangle: A (3, 2, —3), 
B (—5, 1, —1), and C (1, — 2, 1). Find its exterior angle 
at the vertex C. 
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14. Prove that the triangle ABC, whose vertices are 

A (1, 2, 1), (3, —1, 7), and C (7, 4, —2), is an isosceles 

triangle, and compute its angles. 

15. Write the equation of the plane passing through the 

point Ml (2, 1, —1) and having the normal vector n = 

= {1, -2, 3}. 



Mg. 130 


16. Point P (2, —1, —1) is the foot of the perpendicu¬ 
lar dropped from the origin onto a plane. Derive the equa¬ 
tion of this plane. 

17. Given two points Ml (3, —1, 2) and M 2 (4, —2, —1) 
Write the equation of the plane passing through the point 

Ml perpendicular to the vector M^M^. 

18. Write the equation of the plane which passes through 
the^point M (2, —1, 1) parallel to the plane 2x — y — 1 = 

19. Derive the equation of the plane which passes through 
the point M (2, —3, 3) parallel to the plane xOy. 

20. Find the angle between the diagonal \BD^ of a cube 
and the diagonal \DA^ of its face (Fig. 130). 












CHAPTER T 


POLYHEDRA, CYLINDERS, CONES 


Sec. 50. The Polyhedron Defined 

In our course we shall consider the general properties of 
polyhedra, and study the properties of prisms and pyramids 
in more detail. 

Definition. A space figure bounded by a surface made 
up of portions of planes, i.e. of polygons is called the poly¬ 
hedron, Each polygon forming the surface of a polyhedron 
is called its jace. 

Common edges of two adjacent faces are called the edges 
of a polyhedron, and the vertices of polyhedral angles 
formed by its faces and meeting at one point are termed the 
vertices of a polyhedron. 

A segment of a straight line joining two vertices of a poly¬ 
hedron not lying on one face is termed the diagonal. 

We shall consider here only convex polyhedra. It is 
easy to see that all the faces of a convex polyhedron lie on 
one side of any plane that contains one of its faces. 

The plane containing any face of a polyhedron divides 
space into two half-spaces. A convex polyhedron belongs 
only to one of these half-spaces. 

Sec. 51. Regular Polyhedra 

A regular polyhedron is a polyhedron whose faces are 
congruent regular polygons and whose polyhedral angles 
are congruent. 

At least three faces meet at any vertex of a polyhedron, 
the sum of their face angles being equal to less than 360°. 
If the faces of a regular polyhedron are regular triangles, 

1 0 * 
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then at any vertex of a polyhedron there can meet either 
three triangles, (60°-3 < 360°), or four triangles (60°-4 < 
< 360°), or five triangles (60°-5 < 360°). Six regular trian¬ 
gles do not form a polyhedral angle, since 60°*6 = 360°. 

Thus, there are only three types of regular polyhedra, 
whose faces are regular triangles. These are: 





Fig. 132 Fig. 133 


(1) the regular tetrahedron whose surface is made up of 
fom regular triangles (Fig. 131). The tetrahedron has four 
vertices and six edges; 

(2) the regular octahedron whose surface consists of eight 
regular triangles (Fig. 132). The octahedron has six vertices 
and twelve edges; 

(3) the regular icosahedron whose surface consists of 
twenty regular triangles, five triangles meeting at each 
vertex (Fig. 133). The icosahedron has twelve vertices and 
thirty edges. 

Let us now consider the polyhedron made up of regular 
quadrilaterals, i.e. of squares. Since 90° *4 = 360°, four 
squares do not form a polyhedral angle. Consequently, there 
exists only one type of regular polyhedron whose faces are 
squares which is termed the cube (or hexahedron). The hexa¬ 
hedron has six faces, eight vertices, and twelve edges (Fig. 134). 

There is only one regular polyhedron made up of regular 
pentagons, in which three faces meet at any of its vertices 
(108°*3 < 360°, 108°-4 >• 360°). This polyhedron is named 
the dodecahedron. It has twelve faces, twenty vertices, and 
thirty edges (Fig. 135). 

Regular hexagons cannot form even a trihedral angle, 
since 120°.3 = 360°. 

Thus, we have shown that only regular triangles, squares, 
and regular pentagons can serve as faces in regular polyhedra. 
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and there are only five regular polyhedra: the tetrahedron, 
octahedron, icosahedron, hexahedron (or cube), and dodeca¬ 










/ 


hedron. The existence of these polyhedra is proved by 
their construction. 

In the next section we shall get the same result as a corol¬ 
lary of Euler’s theorem on polyhedra. 


Sec. 52. Euler's Theorem 

Let us denote the number of vertices by F, the number of 
edges by and the number of faces by F. Then the above 
considered regular polyhedra will be 
characterized by the following num¬ 
bers: the tetrahedron: F = 4, F = 6, 
F = 4; the octahedron: F = 6, F = 12, 
F = 8; the icosahedron: F = 12, 
F = 30, F = 20; the hexahedron (or 
cube): F = 8, F = 12, F = 6; the 
dodecahedron: F = 20, F = 30, F == 12. 

Comparing these numbers, we see 
that for all regular polyhedra F — F 
+ F = 2, i.e. the sum of the numbers 
of vertices and faces exceeds the num¬ 
ber of edges by 2. 

This formula which is the essence 
of Euler’s theorem turns out to be 
true for all convex polyhedra and even for a wider class 
of polyhedra, so-called simple polyhedra. 

A simple polyhedron is a polyhedron which can be trans¬ 
formed to a sphere with the aid of continuous deformation. 
The polyhedron shown in Fig. 136 is not a simple polyhedron. 
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Since in our course wo consider only convex polyhedra, 
let us formulate Euler’s theorem particularly for such poly¬ 
hedra, though its proposition and proof are retained for 
simple polyhedra as well. 

Euler’s Theorem. In any convex polyhedron the sum of the 
number of vertices and faces exceeds the number of edges by 2 

Given: a convex polyhedron ABCDE... with the number 
of vertices F, the number of edges E, and the number of 
faces F. 

Prove: V — E A- F — 2. 

Proof. A closed surface S contains V vertices, E edges, 
and F faces. Denoting N = V — E A' F, let us prove that 
N = 2. 

In the course of the proof we shall delete successively the 
faces, one by one, from the surface S, 

Let us first remove one of its faces. In the non-closed 
surface thus obtained (S^) the number of edges Ei and the 
number of vertices F^ remain unchanged, while the number of 
decreases by one. Consequently, Vi — E^ + F^ = 

We now consider two cases: (1) all faces of the .surface S, 
are triangles; (2) among the faces of the surface there is 
a polygon with the number of sides n >3. 

First case. An edge or a vertex of a polyhedral surface 
is named boundary if it belongs to one and only one face of 
the surface. A face containing boundary edges or vertices 
is also named boundary. 

Obviou.sly, a clo.sed polyhedral surface, i.e. the surface 
of a polyhedron has no boundary edges, vertices, and faces. 
A non-closed (or open) surface necessarily contains boundary 
odges and faces, but it can have no boundary vertices (the 
surface illustrated in Fig. 137 with the face ABCD removed 
has four boundary edges [AB], \BC], [CD\, and [AD\ 
four boundary faces ABE, BFC, CDE, and ADO, but no 
boundary vertex). 

Since each face of a polyhedral surface must have at 
least one non-boundary edge, a triangular boundary face 
may have either one, or two boundary edges and at most 
one boundary vertex. 

It is obvious, that a triangular boundary face has a bound¬ 
ary vertex if and only if it has two boundary edges. In 
this case the boundary vertex is the point of intersection of 
two boundary edges (in Fig. 138 A = UB] fl UD]). 
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Thus, let us remove from the polyhedral surface 
made up from triangular faces the interior of a boundary 
face together with its boundary elements so that the surface 
thus obtained remains polyhedral. This surface (So) has 
k 2 vertices, edges, and Fg faces. Let us compute the 
quantity V 2 — E^ + 

If the removed face had only one boundary edge, then it 
had no boimdary vertices, and Vo -- En A- Fc. = V — 
- {El - 1) + — 1) = = TV _ 1 . But if 




the removed face had two boundary edges, then it had one 
boundary vertex, and Fg — ^2 + ^2 = f — (^1 — 2) + 
+ {Fi-l) = Vi-^E, + F,=N--i. 

Thus, the removal of the interior of one boundary face 
together with its boundary vertices and edges does not 
change the magnitude of the expression F^ — + E^. 

Let us now delete from the surface S 2 the interior of one 
of its boundary faces together with its boundary edges and 
vertices. For the remaining polyhedral surface we get 
F 3 - £3 + Fs = TV - 1. 

We shall continue removing the boundary faces one by 
one until only one face is left—a triangle in which F — 
— E -V F = 1. Since with each removal the quantity 
Fft — Ef^ Ff^ has remained unchanged and equal to TV — 1, 
we have TV — 1 =1, i.e. TV = 2, which was required to be 
proved. 

Second case. The surface Si has a face with the number of 
sides n >3. Let us draw in this face a diagonal which is 
considered to be an “edge**. This “edge” divides one face 
into two: MNP and MPQR (Fig. 139). The “surface” thus 
obtained is characterized by the number of faces and by 
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the number of “edges” increased by one, the number of verti« 
ces remaining unchanged. Consequently, the quantity Fj — 
— + Fj remains unchanged. 

Thus, dividing each non-triangular face into triangular 
ones (for the proof it is not significant that some “faces” 
lie in one plane), we come to the first case without changing 
the magnitude of the expression Vi — And so, 

the theorem has been proved completely. 

'lorollary. There exist not more than five types of regular 
polyhedra. 

Proof. Suppose r edges meet at each vertex of a regular 
polyhedron. If V is the number of vertices, E is the number 
of edges, F is the number of faces of this polyhedron, and n 
is the number of sides in a face, then 2E = nF (each edge 
belongs to two faces) and 2E = rV (each edge rests against 

® np np 

two vertices). Hence F = — , V = — and from Euler’s 

op op 

formula V — E F = 2 it follows that — — E — = 
= 2, or — + — = 4- + 4:* It is obvious, that n and r 

r n Z E 

1 1 

cannot simultaneously exceed 3, since in that case — + —^ 
<4 , which is impossible for J? >0. Thus, we have only 

to find out what value is attained by r for /i = 3, and by n 
for r = 3. 

If n =3, then — — 4- = whence it is seen that r 

r n zi 

can attain only the values 3, 4, 5. Then E is equal to 6, 12, 
and 30, respectively. 

If r = 3, then — — 4- = 4r and n takes on only the 

not, 

values 3, 4, and 5, E being equal to 6,12, and 30, respectively. 

Thus, there are only five regular polyherda: the tetrahe¬ 
dron {n = 3, r = 3), the octahedron (n — 3, r = 4), the 
icosahedroni (^ = 3, r = 5), the cube {n = A, r = 3), 
and dodecahedron (n = 5, r = 3). 

Sec. 53. The Prism 

Let there be given in a plane a a polygonal line ABCD . . • 
, . . Q and a straight line I intersecting the plane a (Fig. 140). 

Definition 1. A surface generated by a moving straight 
line MN which continuously displaces along a polygonal 
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line A BCD . . . Q parallel to a straight line I is termed 
prismatic. The moving line is called the generatrix^ and the 
polygonal line ABCD ... is the directrix (Fig. 140). 

A prismatic surface is said to be open (or non-closed) or 
closed depending on whether its directrix is open or closed. 

A prismatic surface consists of plane “stripes” intersecting 
along parallel straight lines which are called elements {AAi), 

{BB,). {CC,) -(Fig. 140). . . . u 

Definition 2. The prism is a space figure bounded by 
a closed prismatic surface and intersected by two parallel 




planes. The prismatic surface bounding the prism is called 
the lateral surface of the prism, and the polygons lying 
in the parallel planes are termed the bases of the prism 
(Fig. 141). 

The altitude of a prism is defined as the perpendicular 
distance between the bases. Or in other words, the altitude 
is a perpendicular dropped from any point of one base 
onto the plane containing the other base (Fig. 141). 

From the definition of the prism it follows that its lateral 
surface consists of quadrilaterals (lateral faces) obtained 
as a result of intersection of the plane “stripes” forming 
the prismatic surface by two parallel planes. 

Theorem 1. The lateral faces of a prism are parallelograms; 
the bases of a prism are congruent polygons with respectively 
parallel sides. 

Given: a prism ABCDEA^B^CiDiE^ (Fig. 141). 
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Prove: ABBiA^, BCC^B^, . . . are parallelograms, 

ABODE [AB] ||[A,Bil, (BCl || IBAl,_ 

Prooj. Let us consider, for instance, the lateral face 
ABA^By^. The lateral edges lAAy] and iBBy] are parallel to 
each other as two elements of a prismatic surface, and [AAy] 
is congruent to [BBy] as segments of parallel lines contained 
between two parallel planes. Consequently, A is a par¬ 

allelogram, and [AB] is congruent and parallel to [AyBy\. 
The congruence and parallelism of the edges \BC\ and [^iCil, 




[CD] and [CyDy], [DE] and are proved in a similar 

way. Besides, the angle ABC is congruent to the angle 
AyByCy, £ BCD is congruent to z ByCJ)y, . . ., as angles 
with parallel sides of the same direction. Therefore, ABODE 
is congruent to AyByCyDyEy, which was required to be 
proved. 

A prism is called a right one if its lateral edges are per¬ 
pendicular to the planes containing the bases. Obviously, in 
this case each lateral edge is the altitude of the prism, the 
lateral faces being rectangles (Fig. 142). 

A right prism whose bases are regular polygons is 
called regular (a regular prism, excepting the cube, is not 
a regular polyhedron; see Sec. 51). 

A prism is named triangular, quadrangular, etc. depend¬ 
ing on what polygon serves as its base. A prism with a triangle 
as base is a triangular prism; one with a quadrilateral as 
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base is a quadrangular prism; etc. A prism whose bases are 
parallelograms is called the parallelepiped. The parallelepi¬ 
ped whose lateral edges are perpendicular to the planes con¬ 
taining its bases is termed a right parallelepiped. It is obvious 
that all of its lateral faces are rectangles. 

A rectangular parallelepiped is defined as a right paral¬ 
lelepiped whose bases arc rectangles. 

The lengths of the edges of a rectangular parallelepiped 
meeting at one point are called its dimensions. 

A rectangular parallelepiped with all three dimensions 
equal is a cube. 

Theorem 2. fn any parallelepiped: (1) the opposite faces 
are congruent and parallel to each other" (2) the diagonals 
intersect at one point and are bisected by this point. 

Given: a parallelepiped ABCDAiBiCiDi and its diago¬ 
nals UCjl, lBDi\, \DBj], and ICAi). 

Prove: AA^BB^ is congruent and parallel to DCCiDi, 
ADDtA^ is congruent and parallel to BCCiBi, lACil f) 

n [BDi] n WB^] n ICA,1 = 0 and I AO | = | I. | DO | = 

= I ODi 1, . . . (Fig. 143). 

Proof. (1) Since \ AD \ = \ BC \, 1 AA, 1 = | BB^ 1 and 
\AD\ is parallel to \BC\ and IflDil to [AAi], the parallelo¬ 
grams ADD^Ai and BCC^Bi are congruent and parallel. 
By the same reasons ABB^A^ is congruent and parallel to 
DCCiDi. 

(2) We join A^ to B and Dj to C. The figure thus obtained 
is a parallelogram, since the sides [AjDil and \BC\ are equal 
and parallel. The diagonals UjCl and iDDil of the parallel¬ 
epiped are diagonals of the parallelogram obtained, conse¬ 
quently, they are bisected in thepointof intersection.Proceed¬ 
ing in the same way, we take the diagonal l/iDjl and a third 
diagonal, say [ACi], and show that at the point of intersec¬ 
tion they are bisected. Hence, the diagonal \AC^ passes 
through the mid-point of the diagonal l/?Dil, i.e. through 
the point O. Analogously, considering the parallelogram 
ADCifii we see that [DBi\ also passes through the point 0 
and is bisected by this point. 

Theorem 3. The squared length of the diagonal of a rectan¬ 
gular parallelepiped is equal to the sum of squares of its three 


dimensions. 

Given: a rectangular parallelepiped ABCDAiBiCiD^., 
\AD\=a, I DC 1 = ft, 1 DDi I = c. 

Prove: 1 fiDj | = a* 6M- c* (Fig. 144) 
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Proof, Let us take D for the origin and lay off the vector i 
on {AD), vector / on {DC), and vector k on {DD^). Then 


D, Cf 



Fig. 144 


DA = ai, ^ = bj, and DDi = ck. Obviously, BDi = 
= BC + CD + DDi = —DA — DC + = —aT—bj + 

+ cAr = {—a, —b, c}. 

Hence, 

+ + 

Corollary. A ll the diagonals of a rectangular parallelepiped 
are congruent. 

Sec. 54. A Cylindrical Surface. The Cylinder 

A right circular cylinder is a space figure bounded by two 
congruent and parallel circles (bases) and a lateral surface 
which is called cylindrical. 

A right circular cylinder can be generated by rotating 
a rectangle about one of its sides. During this rotation the 
opposite side generates the lateral surface of the cylinder. 

The rotation of this side can be considered as its contin¬ 
uous displacement along the directrix (the circle L) parallel 
to the straight line {BC) (Fig. 145). 

Comparing a right prism with a right circular cylinder, 
we see that they possess the following properties in common: 

(1) the bases of these figures are congruent and lie in 
parallel planes: polygons in a prism, and circles in a right 
circular cylinder; 
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(2) tlie lateral surfaces of these figures are obtained as 
a result of a continuous displacement of a straight line (the 
generatrix) along a plane curve: a polygonal line or a circle. 
Let us now consider the general case. 

Suppose MN is an arbitrary line, closed or open, lying 
in a plane a, and'l is a straight line piercing this plane 

(Fig. 146). . . u 

Definition 1. The surface generated by a moving straight 
line (i45), which continuously displaces along the line MN 



Fig. 145 



and parallel to the axis I is called cylindrical. The moving 
line is termed the generatrix, and the line MN is the directrix 
of this surface. 

A cylindrical surface is said to be closed or non-closed 
(open) depending on whether its directrix is closed or open. 

Let us consider a few examples of cylindrical surfaces. 

1 . The directrix is a straight line (Fig. 147). In this 
case the cylindrical surface is a plane passing through the 
directrix parallel to the axis 1. 

2. The directrix is a polygonal line (see Fig. 140). Here 
we get a prismatic surface. Consequently, a prismatic surface 
is a particular case of the cylindrical surface. 

3. The directrix is a circle. The corresponding cylindrical 
surface is called circular (Fig. 148). 

Definition 2. The cylindrical solid (or cylinder) is a space 
figure bounded by a closed cylindrical surface cut by two 
parallel planes (Fig. 149). 


157 














The cylindrical surface bounding a cylinder is called the 
lateral surface of the cylinder, and the portions of the paral- 


Fig. 147 


lei planes marked by the cylindrical surface its bases (com¬ 
pare witlj the definition of the prism given in Sec. 53). 




Fig. 150 


Tlie altitude of a cylinder is defined as a perpendicular 
[OiOil dropped from any point of one base onto the plane 
containing the other base (Fig. 149). 
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A cylinder is called a right cylinder if its elements are 
perpendicular to tlie planes containing the bases (Fig. 150), 
otherwise it is an oblique cylinder. 

It is obvious, that each element of a right cylinder is its 
altitude. 

Cylindrical solids differ in* the kind of their bases. 

1. A right cylinder whose bases are circles is called a right 
circular cylinder. The latter is sometimes called simply 
a cylinder (to avoid possible “confusion” we have introduced 
the notion of a cylindrical solid meaning a cylinder of an 
arbitrary foim). 

2. A right cylinder whose bases are ellipses is called 
a right elliptic cylinder (or simply an elliptic cylinder). 

3. A right cylinder whose bases are polygons is a right prism. 

4. An oblique cylinder whose bases are polygons is called 
an oblique prism, and so on. 

Note. Unification of such, one would think different, 
solids as the prism and the circular cylinder in one class of 
cylindrical solids might seem artificial. But later on (in 
Chapter 9) we shall see the advantage of our classification. 

Sec. 55, The Pyramid 

A pyramid is a polyhedron with one face a polygon and 
the other faces triangles with a common vertex. The polygon 
is the base of the pyramid and the triangles are the lateral 
faces (see Fig. 151). 

The pyramid may also be considered as the intersection 
of a polyhedral angle with the half-space containing the vertex 
of this angle, provided the plane bounding this half-space 
cuts all the edges of the polyhedral angle (Fig. 151). 

As is known, the altitude of a pyramid is a segment of the 
perpendicular dropped from the vertex of the pyramid onto 
the plane containing its base. 

A pyramid is called a right pyramid if its base is a regu¬ 
lar polygon and the altitude passes through the centre of the 
base. Obviously, the lateral faces of a regular pyramid are 
isosceles and congruent triangles. The altitudes of these 
triangles (which are also congruent) are called the slant 
heights of a regular pyramid (Fig. 152). 

Like prisms, a pyramid with triangle as base is called 
a triangular pyramid; one with a quadrilateral as base is 
called a quadrangular pyramid; etc. 
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In the next section we shall establish connection between 
a pyramid and a cone. For this purpose let us introduce one 
more definition of the pyramid. 

Definition !• Let ABCD ... //^ be a closed polygonal 
line lying in a plane a, and 5 is a point not belonging to a. 
The smface generated by a moving ray ISA) which in the 




course of its continuous displacement intersects the poly¬ 
gonal line . . . Zr(i.e. the directrix) is called a cZosed 

pyramidal surface (Fig. 151). 

Definition 2. A pyramid is a space figure bounded by 
a closed pyramidal surface and a plane which cuts all of its 
elements (Fig. 151). 

Sec. 56. A Conical Surface. The Cone 

A cone can be obtained by rotating a right-angled triangle 
about one of its legs (Fig. 153). During this rotation the hypot¬ 
enuse generates the lateral surface of the cone. The rota¬ 
tion of the hypotenuse may be considered as its continuous 
motion such that in its course it intersects the circle AD and 
has one fixed point (fi). Comparing a pyramid with a circular 
cone, we see that they possess a number of properties in 
common: 

(1) both figures have plane bases; 

(2) the lateral surfaces of these figures are generated by 
a continuous displacement of a straight line passing through 
the vertex and intersecting the boundary of the base. 
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Bearing in mind the same reasoning as above (see Note in 
Sec. 54), lot us introduce the notions of an arbitrary conical 
surface and an arbitrary cone. 

Definition 1. Let a line MN lie in a plane a, and a point 
S be situated outside the plane a. The surface generated by 
a moving straight line which continuously displaces passing 



A 


Fig. 153 


Fig. 154 


through the point S and intersecting a plane curve MN 
is called conical (Fig. 154). The moving straight line is 
termed the generatrix, the point S is the vertex, and the 
curve MN is the directrix of the conical surfaces. 

The directrix may be closed and non-closed (or open). 
Accordingly, the conical surface is called closed or non- 
closed (open). 

Let us consider a few examples of conical surfaces. 

1. The directrix is a straight line (MN), In this case 
the generatrix displaces in the plane p, which passes through 
(MN) and the point S (Fig. 155). 

2. The directrix is a polygonal line, closed (Fig. 156, a) 
or non-closed (Fig. 156, b). The conical surface obtained in 
this case is called pyramidal (see Sec. 55). 

3. The directrix is a circle. In this case the conical sur¬ 
face is said to be circular (Fig. 157). 

Definition 2. A cone is a space figure bounded by a por¬ 
tion of a closed conical surface located on one side of the 


5 1-0359 
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vertex S and a plane intersecting all of its elements (Fig. 158). 
The conical surface bounding the cone is called the lateral 



surface of the cone, and the portion of the cutting plane 
bounded by the lateral surface is termed the base of the cone. 



A segment of the perpendicular [501 dropped from the 
vertex of the cone onto the plane containing the base is 
called the altitude of the cone (Fig. 158). 

Cones diSer in their bases. A cone whose base is a polygon 
is called the pyramid. A cone whose base is a circle and the 
altitude passes through the centre of the circle is called 
a circular cone. 


















Sec. 57. Homofhefy in Space 

Let us introduce the notion of homothety in space. 

Definition. Homothety in space with the centre of simili¬ 
tude O and the ratio of similitude k 0 is an into transfor¬ 
mation of space such that any 
point M is transformed into Z|^ 
the point i.e. = 

= Ho {M), so that = 

= k-6^. 

Theorem 1. In homothety a 
plane is transformed into a 
parallel plane. 



Given: a plane a, and its 
homothetic transformation 



Prove: (a) is a plane 


Fig. 159 


parallel to a. 

Proof. Let us select a rectangular coordinate system in 
space so that its origin coincides with the centre of similitude 
(Fig. 159). We then write the equation of the plane a in 
this coordinate system: 


( 1 ) 


Ax By Cz -|“ D — 0. 


Let M (ar, y, z) be an arbitrarily chosen point in the 

plane a and N y^, its homothety. Since OM = xi -f- 

+ yi + ^k, ON = x^i -f- y^f -f- z^k and ON = k-OM^ we 
have x^ = Ax, y^ = Ay, z^ = kz. Obtaining the expressions 
for X, y, and z and substituting them in the equation (1), 
we get the following equation: 


Ax-^ -|- By-^ -|- Czj -j- kO — 0, 


( 2 ) 


which is satisfied by the coordinates of the image of any 
point lying in plane a. Obviously, (2) is the equation of 
a plane p which is parallel to the plane a. Thus, a homothetic 
transformation of any point M lies in the plane p 
which is parallel to a. 

Let us show that any point in the plane p is the image 
of some point belonging to the plane a. Indeed, let N^ {x^, 
l/ 2 » 6 P, i.e. 


Ax^ “h Oz^ kD = 0. 
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Dividing all terms of this equation by k, we got A ^ -\- 

+ whence it follows that the point 

Mii^, satisfies the equation (1), i.e. it lies in 

\ k k k / 

■ > -> —► —► ' ^ 

tlie plane a. Since ONi = Xji + ^ 2 / + ^j/c, OM i — i-f- 

+ ^ f -t- ^ then ON I = fc-OMi, i.e. = //* (Afj), 

which was required to be proved. Homotliety iii space is 

characterized by the fol¬ 
lowing properties. 

1®. The centre of simil¬ 
itude is mapped into itself. 

2 °. \ ABl 

where = //^ (^4), = 

= {B). 

3°. Any ray is trans¬ 
formed into a ray of the same 
direction if k >0, and into 
an oppositely directed ray 
if k < 0. 

4°. The ratio of the areas 
of homothetic polygons is 
equal to the square of the 
ratio of similitude. 

The proofs of all of these 
properties we leave to the 
reader. 

Theorem 2. The ratio of the areas of plane homothetic 
figures is equal to the square of the ratio of similitude. 

Given: a plane figure F and its homothetic transforma¬ 
tion 

Prove: area of = fe^-area of F. ^ 

Proof. For polygons this property is formulated in 4°. 
Lot us prove it for arbitrary figures. 

According to Theorem 1, the figures F and F^ lie in paral¬ 
lel planes, as is shown in Fig. 160. 

We take a measuring grid consisting of squares with the 
side of length 1/10»* and lay it on the figure F to single out, 
as in Sec. 42, the figures An and Bn made up of the squares 
of the measuring grid: An cz F a Bn (Fig. 160). 



Fig. 160 
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Homothety with the centre of similitude S and the ratio 
of similitude k = >0 transforms a square into a square 

(properties 2" and 3®); therefore the images //§ (An) end 
will be made up of squares with the side of length 
i/10” (property 2®). Obviously, area (An) = i^-area i4„, 
area Hs {^n) = i^-area and since cz IIs {F) cz 


Hs (5„), we have 


. area A^ < area Hs {F) < k^ • area Bn . (3) 

As n increases infinitely, the quantities ‘area and 
‘area B'^ approach ‘area F' as a limit: lim area An = 

n-*oo 

= lim area = area F. Consequently, the extremes of the 

n-*-oo 

double inequality (3) tend to one and the same limit, there¬ 
fore area Hs (F) = i^-area F, which was required to be 
proved. 


Sec. 58. Properties of Parallel Sections 
of a Cone (Pyramid). 

Frustums of a Cone (Pyramid) 


Theorem. If a cone* is cut by a plane parallel to its base, 
then the section thus obtained is a figure homothetic to the base 
with the centre of similitude at the vertex of the cone. 

Given: a cone T, its base F, a plane a parallel to the 
plane F containing the base; F^ = T f\ a (Fig. 161). 


Prove: (F), k = 

Proof. Let us consider the homothetic transformation 


with the centre of similitude at the vertex S of the cone and 

the ratio of similitude k = » where Oi = a fl [SO] 

I I 


(Fig. 161). This homothety transforms the point 0 into 
and the plane containing the lower base into a plane parallel 
to this plane and passing through the point i.e. into 
the plane a. Thus, the homothetic transformation of any 
point M belonging to F belongs both to the ray [SM) and 
to the plane a, i.e. 


_ l/i = /f|(A/)6l5A/)na6F,. 

♦ We mean an arbitrary cone here. 
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On the other hand, any point f is a homothetic 
transformation of the point = F p iSNi). Thus, = 
= Hs{F), which was required to be proved. 




Corollary. If a cone is cut by a plane which is parallel 
to its base, then the areas of the section and the base are to each 

other as the squares of their dis¬ 
tances from the vertex of the cone. 

The validity of this corollary 
follows from Theorems 1 and 2 
of Sec. 57, and the theorem of 
Sec. 58, the ratio of similitude 

being equal to . 

Definition. Tlie part of the 
cone (pyramid) bounded by the 
base and a cutting plane parallel 
to the base is called the frustum 
of a cone {pyramid). As it follows 
from the theorem proved above, 
the bases of the trustum are homothetic (Fig. 162). 

The altitude of the frustum of a cone is defined as a seg¬ 
ment of the perpendicular dropped from any point of one 
base onto the plane containing the other base (Fig. 162). 

A frustum of a pyramid is called re^lar if its bases 
are regular polygons and the line segment joining the centres 
of the bases is the altitude of the frustiun. As is obvious, 
a regular frustum is the part of a regular pyramid. 
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The bases of a circular frustum of a cone are circles, and 
the line segment joining the centres of these circles is the 
altitude of this frustum (Fig. 163). A circular frustum of 
a cone can be obtained by rotating an isosceles trapezium 
about its axis of symmetry (Fig. 163). 

Sec. 59. Sections of Polyhedra 

Let a space figure O be cut by a plane a. Then their 
intersection is a plane figure F which is called the section: 

F = a n 

In particular, if the space figure is a polyhedron, then 
the section is a polygon. To construct the section of a poly¬ 
hedron, we have to find the line segments along which the 
faces of the polyhedron are intersected by the cutting plane. 

Let us consider a few methods of constructing sections. 

Example 1. Given a cube ABCDA^B^C^D^, A cutting 
plane is drawn through the edge [AB] of the base and the 
centre E of the face CDD^C^, Construct the section. 

Solution, Since [AB] is parallel to {DCC^D^, the cutting 
plane a intersects DCC^D^ along the line segment [MN] 
passing through the point E parallel to [AB] or [CD] (Fig¬ 
ure 164). Joining the points A, A/ = a fl A’ = a fl 

n [CCil, and B, we get a rectangle AMNB which is the 
required section. 

Example 2. A cutting plane is drawn through the vertex 
A of the lower base of the cube ABCDA^B^C^D^^ and the centres 
M and N of two lateral faces not containing A. Construct 
the section. 

Solution. Since [MN] is parallel to {ABCD), the cutting 
plane a intersects {ABCD) along a straight line p = afl 
f| {ABCD) which passes through the point A parallel to 
[MN] (Fig. 165). Let us find the point of intersection of the 
line p with the plane (BCC^B^). To do this we draw {BC) 
to intersect p : P = (BC) fl p. Since the points M and P 
belong to a, then {MP) a a, and hence, both E = {MP) f) 
fl (Bfiji) and F = {MP) H {CC^ also belong to a. Now 
we easily find the intersection of a with the face CC^DJ^ : H = 

= m^) n {FN). 

The above method of constructing sections consists in 
that we extend the cutting plane beyond the limits of a poly¬ 
hedron and find its intersection with the planes containing 
the lateral faces (but not only with the faces themselves). 
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If we have lo compute llie area of a section or to solve 
some other computational problem, we must locate more 
exactly the vertices of the section. Thus, in Example 2, 
solving the triangle PFC (Fig. 165) and putting \ AB \ = a. 


B, c, 



Fig. 164 



we find: | MM^ | = a/2, | BM^ \ = 1 MiC \ = a/2, | PC |= 
= 2a (in a ABP B = 90°, A = 45°, \ PB \ == \ AB \ = 
= a). Furthermore, since’ | CF \ / j M^M \ = | PC \ / 
/ I PAfi 1, then \CF \ = 2a/3, where | BE \ — a/3. Since 
ABCD is an orthogonal projection of the section AEFH, 

we have SaefH = , where cp = FAC. But tan (p = 

COS <p 

Saefh = . 

Example 3. A quadrangular prism ABCDAiBiCJ)i is 
intersected by a plane passing through the points M, N, 
and P located on the lateral edges of the prism. Construct 
the section figure (Fig. 166). 

Solution. U \CP \ == \ BN \ = \ MA I then the cutting 
plane is parallel to the bases and the section figure is a quad¬ 
rilateral congruent to the bases. 

Consider the general case. Suppose | CP 1 <C | BN \ and 
I AM 1 < I BN |. Let us find the intersection of the secant 
plane a with {ABCD). For this purpose we extend the lines 
{BC) and {NP) to get the point F of their intersection and 
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also the lines (NM) and (BA) to get the point E of their 
intersection: F = (BC) f) (NP), E = (BA) ^ (NM). 

Since £ 6 a fl (ABCD) and F £ « fl (ABCD), we have 
(EF) 6 a n (ABCD). If (EF) intersects the face ABCD, 
then [QIJ] = (EF) fl ABCD is a side of the required section, 
and joining the points Q, M, P and H, we get the pentagon 
MQIIPN. 

If (EF) does not intersect ABCD, then the cutting plane 
a intersects the edge DDy (Fig. 167). Let us denote the point 



Fig. 166 Fig- 167 


of their intersection hy H: H — a, C\ \ BD^ ] and find it. 
The points N and H belong to the diagonal section DBBJ)i 
whose plane will intersect (EF) at point Q = (BD) f) (EF), 
Since <? £ « and AT £ a, then [i\r<?] £ a, consequently, H = 
= [Ar<?l n \DDi\ also belongs to a. Thus, we have found 
the point of intersection of the cutting plane with the edge 
Joining the points M, N, P, and H, we get the 
required section, i.e. the quadrilateral MNPH. 

The coordinate method (see Problems 5 and 6 of Sec. 49) 
can also be used for finding section figures. 


Sec. 60. Worked Problems 

Problem 1. A cube is inscribed into an octahedron so 
that all its vertices are found on the edges of the octahedron 
(Fig. 168). The edge of the octahedron is equal to a. Deter¬ 
mine the edge of the cube. 
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Solution. The section ABFD of the octahedron is a square, 
since M/? I = \ BF | ^ \ FD ] \ DA | - a and | /iZ) | = 

= I AF |. In this section \MN] is the diagonal of the base 
of the cube. Denoting the edge of the cube by x, we have: 


r 



1 MN I = X }/ 2, I MP I = X. In similar triangles BFD and 

MFN: \BD \ ■= a V2, \ FO \ = , \FL\= ^ — 5 , 

2 2 


Since 


\BD\ _ 
1-1/A^l 
— X = X 1 / 2 , 


= nm . wo have 


\0F\ 

\FL\ 

wlience 


aVl 

xYz 


aV2 

a]F2 — X ’ 


or a ]/ 2 — 


Problem 2. In a regular triangular prism with the side 
of the base equal to a and the altitude equal to //, a plane 
is drawn through the edge of the lower base and at an angle (p 
to the latter. Find the area of the section. 

Solution. The cutting plane passes through the edge 
lAB] and, depending on the magnitude of the angle 9 , 
intersects (Fig. 169) or does not intersect (Fig. 170) the lat¬ 
eral edge [CCJ. 

1. If tan cp , then the cutting plane 

intersects the edge [CC^ at a point £*, and, consequently, 
the face ACC^At^ is cut along the line segment [AE\ and 
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the face BCC^B^ along the segment [BE], In this case the 
required section is a triangle ABE, Since the triangle ABC 
is an orthogonal projection of the triangle ABE^ we have 


area ABE^ 


area ABC 
cos q) 


/3 

4cos(p ’ 


2H 


2, If tan cp >— 7 = , then the secant plane cuts the upper 
ay 3 

base AlB^Cl along a straight line IMN] parallel to [AB] 
(Fig. 170). The section figure is a trapezium ABNM, Since 



the orthogonal projection of ABNM on the plane containing 
the lower base is the trapezium ABPQ, we have 

.re. = (1) 

COS (p 

In notation of Fig. 170 we have: area^/?P(J^= ^ ^ ^ ~ X 

X\KD\, 

The unknown quantities | KD \ and | QP | are found 
from the triangles DKL and ABC. In the triangle DKL 
we know the leg | KL \ = H and the angle (p. Hence, 
\DK\ =/rcot(p. In the triangle ABC [QP] is parallel 
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to \AB]. Hence, | || | (?P | = | CZ) | || | /TC |, whence 

,/iDi _ \AB\.\KC\ _ “{"~2 ^cot(p) 3„_2V3^cot(p 

'^vm -3 • 

Returning to the equation (1), we find 

arc. . 4 [a +7/colT = 

_ (3a—V3gcoty)F 

3sinq} 

Problem 3. The base of a pyramid is an isosceles trape¬ 
zium with the bases a and b (a >b) whose lateral faces 
are inclined to the plane containing the base at an angle 
of 60°. Find the altitude of the pyramid. 

Solution. Let [50] be the altitude of the pyramid 
(Fig. 171). From the foot of the altitude O we draw perpen¬ 
diculars [OE]±[AB], [OF]±[BC\, [OQ]aSCD] and [O^jjL 
±\AD] and join the points E, F, Q and H to the vertex 5. 
We thus get lSE]_LlABl [SF]±[BC], ISQ]jlIDC] and 
[5/f^]_L[/lZ)] (by the theorem on three perpendiculars). The 
angles OES, OFS, OQS and OHS, i.e. the plane angles 
of the corresponding dihedral angles formed by the lateral 
faces of the pyramid with the plane containing the base, 
are equal to 60°. Hence, ^OES ^ ^OFS ^ ^OHS ^ ^OQS 
and I OE \ =|OF|=| OQ | = | OH |=r, where r is the radius 
of the circle inscribed in the trapezium ABCD. As is obvious, 
r = I QE |/2. To find the altitude of the pyramid [05] 
let us consider the triangle OSE in which only the angle E 
is known. Therefore we first find | OE |. 

In the trapezium ABCD (Fig. 172) we draw the altitude 
[DM]\ then 

\AM\ = I I ^ 

ct 2 

Since a circle can be inscribed in the trapezixun ABCD, 
we have MZ? | + | | = | | + | | or 2 | i4Z) I = 

= a + 6 . Then 

|Z>M| = VMD| 2 -MMP = ]/ 
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Thus, 1 QE I = 1 DM \ — Y ab. Returning to the triangle 
SOE, we find 1051 = lOA’l-tan 60° = i [ 3 = . 

Problem 4. The altitude of a right circular cone is equal 
to the radius R of the base. Through the vertex of the cone 



a plane is drawn which cuts off an arc of 00° from the base 
circle. Find the area of the section. 

Solution. The cutting plane intersects the surface of the 
cone along the elements [^45] and IBS] and the chord [AB]. 
The required area is the area of the triangle A SB (Fig. 173) 
in which the base lAB] subtends an arc of 60°, hence, | AB | = 
= i? (A AOB is an equilateral triangle). The height of the 
section [SC] is the hypotenuse of the triangle SOC in which 
I 50 I = /?, and \ OC \ = R V3/2. Therefore, \ SC \ =- 

= V] so 1* 4- ICOp = area ABS =1 l^Bl - 15C1 = 

_ 

4 • 

Problem 5. The altitude of the frustum of a pyramid 
is equal to h and the areas of the bases are Q and q {Q > 9 ). 
At what distance from the lower base is the section parallel 
to it if its area is the mean proportional of the areas of the 
bases? 

Solution. Let us complete the drawing of the frustum 
to get a full pyramid and denote its altitude by H (Fig. 174). 
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Then 


JL_ (11—h)^ 

Q in 


or 


Vn 


ll-h 


Vq 


H 


whence// = . Denoting the required distance by x 



Fig. 173 



Fig. 174 


and using the property of parallel sections once again, we get 


m 


yjfq (H^x)^ 


or 


Vq 


H 


Vg 


/r—j 


whence 

■.- J^(rO-Vg) ky'Q 

• ^ VQ—Vq Vq VQ^-^'q ‘ 


PROBLEMS TO CHAPTER 7 

1. The edge of a regular octahedron is equal to 1 m. 
Determine the distance between two opposite vertices of 
the octahedron. 

2. In a cube from one of its vertices diagonals, of three 
adjacent faces are drawn, and their end-points are connected 
with straight lines. Prove that the polyhedron bounded by 
the four planes passing through these lines is a regular 
tetrahedron. 

3. Join (with straight lines) the centres of each pair of 
adjacent faces of an octahedron and draw planes through 
the adjacent lines. Prove that the hexahedron thus obtained 
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is a cube. Compute the edge of the cube it the edge of the 
octahedron is equal to a. 

4. In a regular tetrahedron a regular triangular prism 
witli equal edges is inscribed so that the vertices of one of 
its bases are found on the lateral edges of the tetrahedron, 
while those of the other base lie in the plane containing 
the base of the tetrahedron. Determine the edge of the prism 
if the edge of the tetrahedron is equal to a. 

5. The edge of an octahedron is equal to a. Find the 
distance between the centres of two of its opposite faces. 

6. Find (to within 1 cm^) the area of the diagonal section 
of a cube if its edge is equal to 6 dm. 

7. Find the areas of the diagonal sections of a rectangular 
parallelepiped if its dimensions are equal to 8 cm, 6 cm, 
and 12 cm. 

8. Find the diagonal of a parallelepiped if its dimen¬ 
sions are equal to: (1) 2 dm, 4 dm, 4 dm; (2) 3 m, 4 m, 
12 m; (3) 40 cm, 60 cm, 120 cm. 

9. Find the diagonals of a right parallelepiped the sides 
of whose base are equal to 10 dm and 6 dm, and one of the 
diagonals is equal to 8 dm. The shorter diagonal of the paral¬ 
lelepiped forms an angle of 60° with the plane containing 
its base. 

10. In a right parallelepiped the sides of the base are 

equal to 2 cm and 5 cm; the distance between smaller sides 
is 4 cm; the lateral edge being equal to 2 2 cm. Deter¬ 

mine the diagonals of the parallelepiped. 

11. Determine the diagonals of a right parallelepiped, 
each of whose edges is equal to a, the angle between the sides 
of the base being equal to 60°. 

12. In a right parallelepiped the sides of the base (3 cm 
and 4 cm long) form an angle of 60°, and the lateral edge 
is the mean proportional between the sides of the base. 
Determine the diagonals of the parallelepiped. 

13. The edge of a cube is equal to a. Find the distance 
from its vertex to the diagonal. 

14. Prove that in any parallelepiped the sum of the 
squares of the diagonals is equal to the sum of the squares 
of all the edges. 

15. Given in a right parallelepiped with the base ADCD: 
I AB I = 29 cm, | AD | = 36 cm, | BD | = 25 cm and the 
lateral edge is equal to 48 cm. Determine the area of the 
section AB^C^D. 
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16. In a right parallelepiped the acute angle of the 
base is equal to a, and one of the sides of the base is equal 
to a. The section passing through this side and the opposite 
edge of the upper base has an area of Q cm-. Determine the 
other side of the base if the cutting plane is inclined to the 
plane containing the base at an angle of 90° — a. 

17. In a right parallelepiped the lateral edge is equal 
to 1 m, the sides of the base are equal to 23 dm and 11 dm, 
and the diagonals of the base are to each other as 2 : 3. 
Determine the areas of the diagonal sections perpendicular 
to the plane containing the base. 

18. The base of an oblique parallelepiped is a rhombus 

ABCD in which BAD = 60°, the lateral edges are inclined 
to the plane of the base at an angle of 60°, and the plane 
AA^CiC is perpendicular to the plane containing the base. 
Prove that the area of BB^DJ) is to the area of AAtCX 
as 2 to 3. 

19. The base of an oblique parallelepiped is a rhombus 
who^ side is equal to 60 cm. The plane of the diagonal section 
passing through the longer diagonal of the base is perpendicu¬ 
lar to the plane containing the base. The area of this section 
is equal to 72 dm’. Find the smaller diagonal of the base 
if the lateral edge is equal to 80 cm and forms an angle of 
60° with the plane of the base. 

20. Given a regular triangular pri.sm the side of whose 
base is equal to a. Through the mid-points A and C of 
two sides of the base a plane is drawn at an angle of 60° 
to the base which cuts the lateral edge at point B. Find 
the area of the section. 

21. Prove that if in a regular quadrangular prism 
ABCDAiBiCiD^ the diagonals {B-^D] and \DyB] are mutually 
perpendicular, then the diagonals [A^C] and [BJ)] form 
an angle of 60°. 

22. The base of a prism is a regular hexagon with the 
side a; the lateral faces are squares. Determine the diagonals 
of the prism and the areas of its diagonal .sections perpen¬ 
dicular to the bases. 

23. Inside a regular hexagonal prism whose faces are 
squares a plane is drawn through the side of the lower base 
and the opposite side of the upper base. Determine the area 
of the section if the side of the base is equal to a. 

24. In a right triangular prism a plane is drawn through 
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one of the sides of the base which intersects tlie opposite 
lateral edge and is inclined to the plane containing the base 
at an angle of 45°. Determine the area of the section if the 
area of the base is equal to Q, 

25. In a right triangular prism the sides of the base 
are equal to 10 cm, 17 cm, and 21 cm, the altitude of the 
prism being equal to 18 cm. Determine the area of the section 
drawn through the lateral edge and the smaller altitude of 
the base. 

26. The base of a right prism is a rhombus; the diago¬ 
nals of the prism are equal to 8 cm and 5 cm, its altitude 
being equal to 2 cm. Find the side of the base. 

27. The lateral edge of a prism is inclined to the plane 
of the base at an angle of 30° and is equal to 15 cm. Find 
the altitude of the prism. 

28. In an oblique triangular prism two dihedral angles 
between the lateral faces are equal to 20°43'28" and 105°27'32''. 
What is the magnitude of the third angle? 

29. In an oblique triangular prism the distances between 
the lateral edges are equal to 37 cm, 13 cm, and 40 cm. 
Find the distance between the larger lateral face and the 
opposite lateral edge. 

30. The lateral surface of a cylinder is made up from 
a square with the side a. Find the area of the base of the 
cylinder. 

31. In a cylinder a plane is drawn parallel to its axis 
which cuts off an arc of 120° from the base circle. The axis 
of the cylinder is 10 cm long, its distance from the 
cutting plane is equal to 2 cm. Determine the area of the 
section. 

32. The area of an axial section of a cylinder is to the 
area of its base as 4 to n. Find the angle between the diagonals 
of the axial section. 

33. The altitude of a cylinder is equal to 6 dm and the 
radius of the base to 5 dm. The end-points of a given line 
segment of length 109 m lie on the base circles. Find the 
distance between the line segment and the axis of the cylinder. 

34. Through the upper end-point of an element and at 
an angle of 45° to it a tangent line is drawn to a cylinder. 
The radius of the base circle of the cylinder is equal to 1 m, 
the altitude to 4 m. Determine the distances from the centres 
of the base circles of the cylinder to the tangent line. 

35. Given the side of the base a and the altitude 
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delermine the slant height of a regular pyramid; (1) trian¬ 
gular, (2) quadrangular, (3) hexagonal. 

36. Given the side of the base a and the lateral edge 6, 
determine the altitude of a regular pyramid: (1) triangular, 
(2) quadrangular, (3) hexagonal. 

37. The altitude of a regular quadrangular pyramid is 
equal to 7 cm. and the side of the base to 8 cm. Determine 
the lateral edge. 

38. Tlie base of a pyramid is a parallelogram whose side.s 
are equal to 3 cm and 7 cm; one of its diagonals is equal to 
6 cm. The altitude of the pyramid passes through the point 
of intersection of the diagonals of the base and is equal to 
4 cm. Find the lateral edges. 

39. Find the perimeter of the base of a regular quadran¬ 
gular pyramid if its altitude is equal to 6 dm, and the slant 

height to 6.5 dm. . 

40. The base of a pyramid is an i.sosceles triangle in 
which the base is equal to 12 cm and the lateral side to 10 cm. 
The lateral faces form dihedral angles of 45° with the plane 
of the base. Find the altitude of the pyramid. 

41. In a regular quadrangular pyramid a cube is in.scribed 
so that four of its vertices are found on the lateral edges 
of the pyramid, the rest of them lying in the plane containing 
its ba.se. The side of the base of the pyramid is equal to 
a and the altitude is equal to h. Find the edge of the cube. 

42. The area of the ba.se of a p>Tamid is equal to 507 cm". 
The section which is parallel to the base of the pyramid 
divides its altitude in the ratio 6 : 7 (as measured from the 
vertex). Find the area of the section. 

43. The base of a pyramid is a square. One of the edges 
of the pjTamid is perpendicular to the plane containing 
the base. The longest lateral edge equal to () dm is inclined 
to the base at an angle of 45°. Find the area of the base. 

44. At what distance from the vertex of a pyramid with 
the altitude of 12 cm must a section parallel to the base 
be drawn so that the area of the section is a quarter of the 
area of the base? 

45. Prove that if a triangular pyramid is cut by a plane 
parallel to two of its non-intersecting edges, then the section 

figure is a parallelogram. . i . i 

46. In a regular hexagonal pyramid the altitude is equal 
to ft, and the .side of the base to a. Find the areas of the 
diagonal sections. 
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47. In a pyramid the area of the base is equal to 150 cm^, 
the area of a parallel section is 54 cnr, the distance between 
them being equal to 14 cm. Find the altitude of the 
pyramid. 

48. In a regular triangular pyramid through a side of 
the base a plane is drawn perpendicular to the opposite 
lateral edge. Find the area of the section thus obtained if 
the side of the base of the pyramid is equal to 1 cm, and the 
altitude is equal to 4 cm. 

49. The altitude of a frustum of a regular quadrangular 
pyramid is equal to 7 cm, and the sides of the bases to 10 cm 
and 2 cm. Find the lateral edge of the pyramid. 

50. The sides of the bases of a frustum of a regular trian¬ 
gular pyramid are equal to 4 dm and 1 dm, and the lateral 
edge to 2 dm. Find the altitude. 

51. In a frustum of a regular quadrangular pyramid the 
altitude is equal to 63 cm, the slant height is equal to 05 cm, 
and the sides of the bases are to each other as 7 : 3. Find 
these sides. 

52. In a frustum of a regular quadrangular pyramid the 
altitude is equal to 2 cm, and the sides of the bases to 3 cm 
and 5 cm. Find the diagonals of this pyramid. 

53. Determine the sides of the bases of a frustum of 
a regular quadrangular pyramid if its altitude is equal 
to 7 cm, the lateral edge to 8 cm, and the diagonal to 11 cm. 

54. The diagonals of a frustum of a regular quadrangular 
pyramid are perpendicular to the lateral edges, the side 
of the lower base is equal to 9 cm, and the lateral edge to 
8 cm. Find the side of the upper base, the altitude of the 
frustum, and the distance from the point of intersection 
of its diagonals to the plane containing the lower base. 

55. The sides of the bases of a frustum of a regular trian¬ 
gular pyramid are equal to 2 cm and 6 cm, the lateral face 
forms an angle of 60° with the larger ba.se. Find the altitude. 

56. The altitude of a frustum of a regular quadrangular 
pyramid is equal to 4 cm, and the diagonal is equal to 5 cm. 
Find the area of the diagonal .‘section perpendicular to the 
bases. 

57. In a frustum of a regular quadrangular pyramid the 
areas of the ba.ses are equal to () cm- and q cm^, and the lat¬ 
eral edge forms an angle of 45° with the plane containing 
the lower base. Find the area of the diagonal section perpen¬ 
dicular to the bases. 
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58. In a frustum of a regular triangular pyramid the sides 
of the bases are equal to 8 m and 5 m, and the altitude 
to 3 m. Draw a secant plane through the side of the lower 
base and the opposite vertex of the upper base. Find the area 
of the section and the dihedral angle between the cutting 
plane and the lower base. 

59. The corresponding sides of the bases in a frustum 
of a pyramid are to each other as 13 : 17, and the perimeter 
of the mid-section is equal to 45 m. Find the perimeters 
of the bases. 

60. The areas of the bases in a frustum of a pyramid are 
equal to 2 m^ and 98 m^. Find the area of the parallel section 
drawn through the mid-point of the altitude. 

61. The altitude of a cone is equal to 20 cm, and the 
radius of the base circle to 25 cm. Find the area of the section 
drawn through the vertex if the distance of the cutting plane 
from the centre of the base circle of the cone is equal to 12 cm. 

62. The altitude of a cone is H, the angle between the 
altitude and the generatrix is equal to 60°. Find the area 
of the section drawn through two mutually perpendicular 
elements. 

63. In a cone whose altitude is equal to the radius of 
the base circle R a plane is drawn through the vertex which 
cuts off an arc of 90° from the base circle. Find the area of 
the section obtained. 

64. In a frustum of a cone the areas of the bases are equal 
to 1 m^ and 49 m^. The area of a parallel section is equal to 
half their sum. Into what portions is the altitude divided 
by this section (as measured from the vertex)? 

65. In a frustum of a cone the altitude is equal to 10 cm, 
and the radii of the base circles to 8 cm and 18 cm. At what 
distance from the smaller section is the parallel section locat¬ 
ed whose area is the mean proportional between the areas 
of the bases? 
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Sec. 61. A Sphere and a Ball Defined. 

A Sphere and a Ball Cut by a Plane 

A spherical surface (or a sphere) is defined as the set of 
all points in space at a given positive distance /? >0 
from a fixed point called the centre of the sphere. 

A ball is a space figure bounded by a sphere; or the set 
of all points in space whose distance from a fixed point 
does not exceed a given positive number R. As is obvious, 
the centre of a sphere is the centre of a ball. 

The radius of a sphere and a ball is a line segment joining 
their centre to any point on the sphere; the chord of a sphere 
is a line segment connecting any two of its points; a chord 
passing through the centre is called the diameter. 

A ball can be generated by rotating a semi-circle about 
its diameter. In doing so the semi-circle describes a spherical 
surface (or a sphere). 

Theorem. The section of a sphere by a plane is a circle or 
a point. 

Given: a sphere S with the centre O, a plane a, p (0, a) = 
= h. 

Prove: 5 f| a is a circle or a point. 

Proof. If the cutting plane passes througli the centre 
of the sphere (Fig. 175), then all points of the section are 
located at a distance R from the point O. Consequently, 
the section obtained is a circle whose centre is the centre 
of the sphere and whose radius is equal to the radius of the 
sphere. 

Suppose the centre of the ball 0 is not contained in 
the plane a. Dropping a perpendicular \OA \ from the point O 
onto the plane a, we have \ OA | = h. Let us join an arbitrary 
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point M of the section to the points O and A (Fig. 176). 
As is clear from the right-angled triangle DMA: | AM | =, 
= V — h^. Hence, the distance of any point of the sec¬ 
tion S f] a from the point A is a quantity constant for the 
given sphere and the given plane a, i.e. S f\ a is a circle 
with the centre at point A and the radius r = y^/?- — 
if h < /?. But if h = /?, then \ AM \ =0, which means 




that M = Aj i.e. the section 5 fl a consists of one point. 
Thus, the theorem has been proved._ 

As is seen from the relation r = V^/?“ — the quantity 
r reaches its greatest value (/?) when h ^ 0 (i.e. when the 
section passes through the centre of the sphere). That is 
why the circle obtained as a section figure when a ball is 
cut by a plane passing through its centre is called the great 
circle of the ball. 

Corollary. The sections of a ball by planes equidistant 
from its centre are circles of equal radii. 

Sec. 62. A Tangent Plane . ^ 

Definition. A plane having only one point in common 
with a ball is called the tangent plane. 

Theorem. For a plane to be tangent to a ball {sphere) 
it is necessary and sufficient that it is perpendicular to the 
radius of the ball at its end-point lying on the sphere. 

1. Given: a plane a perpendicular to [OA] (Fig. .177). 

Prove: the plane a is a tangent plane. 

2. Given: a tangent plane a. 

Prove: the plane a is ' perpendicular to [OA]. 

Proof. 1. Let us take an arbitrary point M ^A on the 
plane a and draw an inclined line [MO]. By virtue of the 
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theorem of Sec. 32, | MO | > | AO |, i.e. the point ^1/ is 
situated outside the sphere. Since M is an arbitrary point, 
the obtained inequality | MO \ > | AO \ is true for all 
points of the plane a, except for the point A^ which is, 
consequently, the only point common to the sphere and 
to the plane, i.e. a is a tangent plane. 

2. According to the definition of the tangent plane, the 
point of tangency A (Fig. 177) is the only point belonging 
both to the sphere, and to the plane {A = a (] S). For 
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any other point M ^ a we have | OM | >[ OA |, i.e. p (O, a) 

= I OA I. This means that (see Sec. 32) A is the foot of the 
perpendicular dropped from the centre O onto the plane a. 
The theorem is thus proved. 

A straight line having only one point in common with 
a sphere (a ball) is called the tangent line to the sphere (the 
ball). 

It is obvious, that any straight line drawn in the tangent 
plane through the point of tangency A is tangent to the 
sphere. The following theorem is valid. 

Theorem. For a straight line to be tangent to a sphere 
{a ball) it is necessary and sufficient that it is perpendicular 
to the radius at its end-point lying on the sphere (Fig. 178). 

The proof of this theorem is left to the student. 

Sec. 63. The Concept of a Spherical Triangle 

Let us take on a sphere three points ^4, Z?, and C not 
lying in one plane with the centre of the sphere O. We 
then draw a great circle through each pair of the points 
and mark on each circumference of the circles an arc joining 
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the points A and /?, and C, C and A (Fig. 179). The por¬ 
tion of the spherical surface bounded by these arcs is called 
a spherical triangle ABC. The points A, B, and C are the 
vertices of the spherical triangle, the arcs kjAB^ \uBC and 



Fig. 179 


Fig. 180 


vj^C being its sides. The lengths of these sides are also 
termed spherical distances between the points connected by 
them. 

According to the construction of a spherical triangle, 
the length of its side cannot exceed half the length of the 
great circle of a sphere, i.e. 

length >oAB n/?, length u BC nR, length 


< nR. 


The sides of a spherical triangle can also be measured in 
degrees. The degree measure of the side of a spherical trian¬ 
gle is equal to a central angle of the great circle on which 
this side is located (i.e. this side is a portion of the great 
circle). Figure 180 depicts a spherical triangle each of whose 
sides contains 90°, or length AB = length ^ BC == 
= length vj AC = 0.5 nR. 

The angle A of a spherical triangle is the angle formed 
by the tangents {AT) and {AT') drawn to the arcsuAW 
and u AC at the point A of their intersection (Fig. 181). 
Since {AT) and {AT') are perpendicular to the radius [OA] 
and lie respectively in the planes AOA'B and AOA'C, 
the angle TAT' is the plane angle of the dihedral angle 
AA'WC, where A' is the second end-point of the diameter 
passing through the point A. 
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A spherical triangle can be obtained from a trihedral 
angle OMNP by intersecting it with a ball whose centre 
coincides with the vertex O of the trihedral angle (Fig. 182). 



Fig. 181 



Sec. 64. Worked Problems 

Problem 1. Points A, B and C are located on a sphere. 
The rectilinear distances between them are equal to 5 cm, 
7 cm, and 8 cm. The plane passing through these points is 
7/3 cm distant from the centre of the sphere. Find the radius 
of the sphere. 

Solution. When cutting the sphere, the plane ABC forms 
a circle in which the triangle ABC is inscribed. The radius 

of this circle is found by the formula r = , where 

S = " p {p — a) (p — b) {p — c) = V’lO-5-3-2 = 

= 10 ]/3cm®, 

, 280 7 

and, hence, r = 

Now in the right-angled triangle OOiA (Fig. 183) two sides 
are known: | O^A | = r = ll\ 3 and | 00^ | = 7/3. There¬ 
fore 

___ 40 ^ 14 

B = \OA\=Y\OiA\^+\OiO\^ =y -^- + - 9 - 

Problem 2. Two planes tangent to a ball form an angle 
of 120°. The shortest spherical distance between the points 
of tangency is equal to 70 cm. Find the radius of the ball. 
Solution. We draw a plane tlmough the points of tangency 
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and the centre of the ball O. This plane intersects the ball 
along the great circle (Fig. 184). We then join the centre 
of the ball to the points of tangency A and B. Since {OA) 
is perpendicular to (AC), (OB) is perpendicular to (BC) 


and ACB = 120°, we have AOB = 60°. Consequently, the 
length of the arc AnB is equal to 1/6 the length of the entire 
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circumference, i.e. 70 — (i/G)*2nB, whence we find that 
/f = 210/ji. Putting 1/ji = 0.318, we get^ 210 x 0.318 = 
= 66.8 cm. 

A circular cone is said to be inscribed in a ball if its vertex 
lies on the surface of the ball, its base being the great or 
a small circle of the ball (Fig. 185). 

Problem 3. A circular cone is inscribed in a ball of 
radius B; the angle between the generating elements of the 
cone in an axial section is equal to a. Find the altitude, 
the element, and the radius of the base circle of the cone. 

Solution. The section of the ball by the plane passing 
through the axis of the cone is the great circle in which the 
triangle ABS is inscribed (Fig. 185), where lAB] is the di¬ 
ameter of the base circle of the cone. Let us extend the alti¬ 
tude (the axis) [50] of the cone to intersect the great circle 
at point E and consider the triangle ESA. In this triangle 


I I = 2B, SAE = 90° and ASE = a/2. Therefore, 
\AS I = 2/?-cos (a/2). From the triangle AOS we now 
find 


\AO\ — r = 2/?cos-^*sin-|- = /?sina, 
|50|=A = 2/?cos2-^. 
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A frustum of a circular cone is said to be inscribed in a ball 
if its bases are parallel circles of the ball. 

Problem 4. In a frustum of a cone the radius of the 
lower base circle is equal to r^, the radius of the upper base 
circle is equal to r^, and the generatrix is inclined to the 


Fig. 185 


Fig. 186 


plane containing the lower base at an angle a (Fig. 18(i). 
Find the radius of the ball in which the given frustum is 
inscribed. 

Solution. The section of the ball passing through tlie 
axis of the frustum yields a great circle in which the trape¬ 
zium ABCD is inscribed (Fig. 186). Let us consider the 
triangle ARC which is also inscribed in the great circle of 
the ball. In this triangle the angle CRA is known and, 
according to the lemma of Sec. 1, |AC| = 2^sina. 
Thus, the problem is reduced to finding \ AC |. For tins 
purpose let us consider the right-angled triangle ACE, in 
which I 1 = Tj -1- r®, 1 CE | = | BE | • tan a = (r^ 

— Tj) tan a. Consequently, 


\AC\=Y\AE\^-\-\CE\^= V^(ri-f r2)2-l-(r, —r2)Man2a = 


COS a 

1 

cos a 


/(ri + r2)2cos2a +(r| — sin^a 


V +'’2 + 2 rir 2 cos 2a 
















and 



+ y*! -f 2 rir 2 cos 2a 


sin 2a 


A pyramid and a frustum of a pyramid are said to be 
inscribed in a ball if all their vertices lie on the surface of 
the ball. 

Problem 5. The base of a triangular pyramid SABC is a 
right-angled triangle with the hypotenuse 1 AB | = c. The 


lateral edges of the pyramid are 
inclined to the plane containing 
the base at equal angles (a). 
Find the radius of the ball the 
pyramid is inscribed in. 



Solution. The section of the 
ball by the plane passing through 
the base of the pyramid is a 
circle in which the triangle ABC 
is inscribed. Since C = 90°, the 
centre of this circle (O) is situated 
at the mid-point of the hypote¬ 
nuse. The altitude of the pyra¬ 
mid is projected into the same 
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point O, since, by hypothesis, the lateral edges of the pyra¬ 
mid are equally inclined to the plane containing the base: 


SAO^ = SCO^ = SBO^ = a (Fig. 187). 

The centre of the circumscribed sphere is equidistant 
from all vertices of the pyramid, i.e. from all vertices of 
the base, in particular. Consequently, it is found on the 
perpendicular to the plane containing the base erected at 
the centre of the circle circumscribed about the base, i.e. 
at the point 0. In our problem this is the altitude [SOJ. 
(The centre of the circumscribed ball lies on the altitude of 
a pyramid or its extension if and only if the altitude of the 
pyramid passes through the centre of the circle circumscribed 
about the base; see Problem 11 to this chapter). 

Since the centre of the circumscribed ball is equidistant 
from the vertices S and /?, it lies in the plane passing through 
the mid-point of the edge 15/^1 and perpendicular to it. We 
get tlie centre of the circumscribed ball (point O in Fig. 187) 
as the point of intersection of this plane and the altitude. 
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To find the radius /? of the circumscribed circle let us 
consider its great circle containing the edge [55]. Since 

I SOi I = ^ tan a and | OiSi | ^ ^ -cot a, we have 

2fl = ISO.I + |0,5,| _ (lan a + col 
whence 

/? =_ _ _=- i - 

4 sin a cos a 2 sin 2a ’ 


PROBLEMS TO CHAPTER 8 

1. A sphere whose radius is equal to 41 dm is cut by 
a plane passing at a distance of 9 dm from tlie centre. Find 
the area of the section. 

2. The radius of a ball is 5. Through the end-point of 
the radius lying on the sphere a plane is drawn at an angle 
of 60° to the radius. Find the area of the section. 

3. A town N is situated in latitude 60° North. What path 
is described by N during an hour due to rotation of the 
Earth about its axis? Put the radius of the Earth to be equal 
to 6000 km. 

4. Three points are given on the surface of a ball. The 
rectilinear distances between them are equal to 6 cm, 8 cm, 
and 10 cm, the radius of the ball being equal to 13 cm. 
Find the distance from the centre of the ball to the plane 
passing through the three given points. 

5. The radius of a ball is equal to 15 m. Outside of the 
ball a point A is taken at a distance of 10 m from its surface. 
Find the length of a circumference on the surface of the ball 
such that all its points are 20 m distant from the point A. 

6 . The radius of a ball is equal to 63 cm. A point A 
is located at a distance of 16 cm from the point of tangency. 
Find its shortest distance from the surface of the ball. 

7. A hemisphere and a circular cone inscribed in it 
have a common base and a common altitude; a plane is 
drawn through the midpoint of the altitude parallel to the 
base. Prove that the area of the section enclosed between 
the lateral surface of the cone and the surface of the hemi¬ 
sphere is equal to half the area of the base. 

8 . Two equal balls of radius Ft are situated so that the 
centre of one ball lies on the surface of the other. Find the 
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longlli of the line of intersection of the surfaces of these 
balls. 

9. The radii of two balls are equal to 25 dm and 28 dm, 
and the distance between their centres is equal to 36 dm. 
Find the length of the line along which their surfaces inter¬ 
sect. 

10. The diagonals of a rhombus are 15 cm and 20 cm 
long. The surface of a ball touches all sides of the rhombus. 
Find the distance from the centre of the ball to the plane 
containing the rhombus if the radius of the ball is equal 
to 10 cm. 

11. Prove that a pyramid can be inscribed in a sphere if 
and only if its base can be inscribed in a circle. 

12. In a ball two parallel sections are drawn on one 
side of its centre. The areas of the sections are equal to 
49n dm^ and An m^, the distance between them being equal 
to 9 dm. Find the radius of the ball. 

13. A regular triangular pyramid is inscribed in a sphere. 
The edge of its base is equal to its altitude, i.e. a = h. 
Find the radius of the sphere. 

14. Find the radius of a ball circumscribed about a 
regular triangular pyramid whose slant heights are equal 
to a and form equal angles (a) with the plane containing 
tlie base. 

15. A sphere is inscribed in a circular cone whose gen¬ 
eratrix is inclined to the plane of the base at an angle a. 
The circle along which the conical surface touches the sphere 
lies in a plane situated at a distance It from the plane con¬ 
taining the base. Find the altitude of the cone and the 
radius of its base circle. 

16. A sphere is inscribed in a regular quadrangular 
pyramid. Find the radius of the sphere if the side of the 
base of the pyramid is equal to a and the face angle at the 
vertex is equal to a. 


CHAPTER 9 


MEASURING VOLUMES 
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Sec. 65. General Properties of Volumes 

In our course we shall consider the problem of measuring 
volumes conformably to arbitrary figures. 

The volume of any solid (figure) is a positive number 
V describing the three-dimensional extent of a set, the 
following conditions being fulfilled in this respect: 

1 °. A cube whose edge is equal to e is adopted as unit 
volume, where e is unit length. This volume is denoted e*. 

2°. Congruent figures have equal volumes. 

3 °. If a figure f is a join of two figures F and U) having 
no interior points in common, then V {T) — V (F) -1- 

Two corollaries directly follow from these conditions. 

Corollary i. If a figure F is contained in a figure O, 
then V(F) ^ V (0)). 

Corollary 2. Tfie volume of a cube with edge piq (p and q 
integers) is equal to {p/q)^ e*. 

It does not follow from the above-mentioned properties 
(l“-3°) that each figure has a volume. There are figures which 
have no volume. Therefore, the first problem in the theory 
of volume measuring is the problem of singling out figures 
which have volumes. It is proved that these figures are 
polyhedra, cylindrical and conical solids whose bases have 
areas, solids of revolution, etc. 

Furthermore, these properties yield no method for com¬ 
puting the volume of a given figure To find this method 
is the second problem of the theory of volume measurement. 

Obviously, there is a plenty of such methods (compare 
with the mea.surement of areas), and then there arises a 

I'Jt 


third problem: Do all these methods yield one and the same 
magnitude of the volume of a given figure? 

In special coiurses of higher mathematics it is proved 
that all methods of computing the volume of a figure are 
equivalent, provided the condition of positiveness and prop¬ 
erties 1° to 3° are fulfilled, which means that all the methods 
yield one and the same magnitude for the volume of a given 
figure. 

One of the methods of computing volumes is the method 
using a three-dimensional measuring device which is a 
generalized two-dimensional measuring grid. Let us consider 
a three-dimensional figure consisting of small cubical cells 
whose edge is equal to 1/10'‘. We denote the join of all the 
cells contained in T by Tn, and the join of all the cells 
having a non-empty intersection with T by Tn\ then a 
cz T cz Tn- It is obvious that Tn cz TX and Tn =3 Ti for 
any n. The quantities V (Tn) and V (Tn) are the lower and 
the upper (respectively) estimates of V (T). If n increases 
then Tn cz H+i, n+i- Therefore, according to Corol¬ 

lary 1, V(T;;) < V(Tn^j), F (H) > V (T^i). Le. the 
sequence F(^7), • • • V(Tn), . . . monotonically 

increases, while the sequence V (TX), V (T 2 ), • • . 

. . ., F (rj), . . . monotonically decreases and both of them 
are limited. Consequently, these sequences have a limit as n 
increases infinitely. And if it turns out that lim F (Tn) = 

n-*‘Oo 

=: lim F (Tn)j then their common value is taken for the 

n-*oo 

volume of the solid: 

F(r)= limF(7’;;)= limF(n). 

n-^oo n-^oo 

The voliune thus determined satisfies the conditions 
The proof of this statement is beyond our course. 


Sec. 66. The Volume of a Rectangular 
Parallelepiped 

Let us consider the general case. 

Theorem. The volume of a rectangular parallelepiped is 
equal to the product of its three dimensions expressed in the 
same units. 

Given: a rectangular parallelepiped ABCDAxBiC^Di, 
whose dimensions are a, 6, and c. 
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Prove: Fpar = dbc. 

Proof. Let a^, bn, and Cn denote the rational approximate 
(with deficit) values of the numbers a, 6, and c, respectively, 
to within 1/10'* and at, ht, and ct the rational approxima¬ 
tions (with excess) with the same accuracy. We then enclose 
the given parallelepiped ABCDAiBiCiD^ with the dimen¬ 
sions I AB I = a, I AD I = fe, I AAi | = c between the 



rectangular parallelepipeds Tn and Tt with the dimensions 
bn, Cn and at, bt, ct, respectively, as it is shown in 
Fig. 188. Since Tn<^ T Tt, then V {TnX V {T) ^ 
^ (^n)- As n increases infinitely, 

lim V {Tn) = lira anbnCt = <^bc, 

n-*oo n-*-oo 

lim V (Tn) = lim a^jjncti = abc. 

n-*-oo n-^oo 

This common limit is just the volume of the given parallel¬ 
epiped, i.e. 

V (T) = abc. 

In our proof we enclosed the given figure T between two 
figures, i.e. between two rectangular parallelepipeds with 
rational dimensions whose volumes were known. 

This method is applicable in the general case. Let the 
figure T be contained between the figures Tn and Tt, where 
V{T:i) and V{Tt) are known. If it turns out that 
limF {Tn) = lim V {Tt), then this common limit is 

n-^oo n-*-oo 

just V (T). 
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Sec. 67. The Volume of a Right 
Cylindrical Solid 

Theorem. The volume of a right cylindrical solid is equal 
to the product of the area of the base by the altitude. 

Given: a right cylindrical solid T (Fig. 189); its lower 

and upper bases P and Q\ its 
altitude //. 

Prove: V (7') = area P-II. 
Proof, l^et us lay on the low¬ 
er base a measuring grid con¬ 
sisting of squared cells with side 
equal to 1/10^ Let Aj^ be the 
join of all the cells contained 
in P, and the join of all the 
cells intersecting with P, so 
that d P cz Bn- 

On each cell of and as 
base we construct a rectangular 
parallelepiped with altitude 
and denote the join of all the 
parallelepipeds constructed on 
An by Tn, and those construct¬ 
ed on Bn by PJ. As is obvious, 
V {Tn) area An-H. V (PJ) = 
= area P„ • II. Since T^cz Pcz Pn, 
then V (Pn) <C V (P)<C V (Tf,). Asn increases without bound 
(see Sec. (56), lim A„ = lim = area P. Therefore, 

n-*-oo n—ao 

lim V (Pn) = lim area P;j-// = area P-//, 
lim F(P;;) = area P-ff. 

This common limit yields the volume of P: 

K(P) = area P-H. 

Using this formula, we can find the volumes of any right 
cylinders the areas of whose bases are known: of a right prism, 
a right circular cylinder, etc. 

Corollary i. The volume of a right prism is equal to the 
product of the area of the polygon serving as its base by its 
altitude: 

V prism = *^^ba8e ‘ II • 
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Fig. 189 






















/ 

Corollary 2. The volume of a right circular cylinder is 
equal to the product of the area of the circle serving as its base 
by its altitude: 

\ Fcyl = Jti?2./r. 

\ 

j Sec. 68. The Volume of an Oblique 
j Cylindrical Solid 

j Tlieoreni. The volume of an oblique cylindrical solid is 

] equal to the product of the area of its base by its altitude 
Given: an oblique cylindrical solid T; its bases F and cb- 
its altitude H (Fig. 190). ’ 

Prove: V (T) = area F-H. 

! Proo/. Through the end-points of the element [AB] wo 

[ draw two planes a and p perpendicular to it (Fig. 190). The 


N 


B 




Fig. 191 

I 

^lid boimded by these planes and the lateral surface of T 

ISeHo R .???' » « 

parallel to p and all the generating elements are perpendicu¬ 
lar to the planes a and p. Let us denote this solid bv T, 
and Its lower and upper bases by G and B, respectively.’ 

r ri!^^ by the plane fig¬ 

ures F and G and a cylindrical surface, have G in common and 

together form the solid ADNB. According to property 2°, 
V (ADNB) = V (T,) -f V (ADM). (i) 

®®bd ADNB is made up of T 
and BCN, which is bounded by plane figures d) and B. 


13 * 
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Therefore, 


( 2 ) 


V (ADNB) - V {T) + V {BCN) 

The solids ADM and BCN are congruent since BCN is the 
image of ADM, when the latter is transferred on the vector 

AB. By property 1°, 

V {BCN) = V {ADM). 


(3) 


Comparing (1) and (2) and taking into account (3), we 

aet- V {T\ = y {TA = area G*1 AB |. 

Let V denote the plane angle between the planes con¬ 
taining F and G (Fig. 191). Since G is/^e jrBiogonal pro¬ 
jection of F, areaG = area F-cos (p F (T’l) - X 

X cos tp-1 AB 1, and 1 AB j-cos = \BE \ = H. Therefore, 

we iinally get 

V {T) V (Ti) = area F-H, 

which was required to be proved. 

Corollary. The volume of an oblique prism is equal ^ 
the product of the area of the polygon serving as its base by the 

^Comp£in™the results of Secs. 6G and 67, we get 
a single formula for computing the volume of any cylindrical 

solid both right and oblique. 

The volume of any cylindrical solid is equal to the product 

of the area of its base by the altitude. 


Sec. 69. The General Formula for Computing 

the Volume of a Figure Using the Areas 
of Cross-Sections 


Let us cut a given ligure T by planes perpendicular to 
the axis Ox. We then denote the areas of sections thus 
obtained by S (x), where x is the distance of a cutting plane 

?rom the origin! anda < x ^ b, \tese 

correspond to the extreme sections of T (Hg. These 

sections can be reduced to points as well. 

Theorem. If the area of cross-sections S (x) is a continuous 
function of x within the interval [a, b\, then the volume of the 
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( 1 ) 


figure T can be found by the formula 

b 

V = volume Z* = J *5 (a:) dx. 

a 

Proof. To simplify the deduction of this formula let us 
make the following additional assumptions: (1) suppose 
that S (x) is monotonic on [a, 6], i.e. either increases or 
decreases on [a, 61; (2) the projections of the sections on 
a plane perpendicular to Ox do not intersect (Fig. 193). 



Fig. 192 Fig. 193 


Let V (x) denote the volume of the portion of T contained 
between the sections passing through the points a and x. 
Then V (x) is a function of x defined on [a, 6] and V (a) = 0, 
V (6) = V, where V = volume T. 

Let us show that V' (x) = 5 (x) for a ^ x ^ 6. For this 
purpose we give x an increment Ax (a ^ x + Ax ^ 6) and 
compute the increment 

AF = F (x + Ax) - F (x). 

The quantity AF is the volume of the “layer” contained 
between the cutting planes passing through the points with 
abscissas x and x + Ax. Let us construct cylinders on these 
sectioAS with a common altitude Ax. It is obvious that one 
of them is contained inside the “layer”, and the other con¬ 
tains this “layer” (Fig. 194). Since the volumes of the con¬ 
structed cylinders are equal to S (x)-Ax and 5 (x + Ax)-Ax 
(see Sec. 68), then, by the property of volumes, we have 

S (x) Ax<^ AF^iS (x + Ax)-Ax or 
S (x) Ax^AV^S (x4- Ax)-Ax, 
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whence 

5(x)< 

^v 

Ax 

5 (x -f Ax) 

(2) 

or 

5(x)>- 

^V 

Ax 

(x-F Ax). 

(3) 


Since S (x) is continuous on [a, ft] we have lim S (x+Ax) = 

Ax->0 

= S (x), therefore from tlie double inequality (2) or (3) 



Sfjo^Ajo) 
Fig. 194 



b 

il follows that V (x) = S (x) and, hence, j 5 (x) dx = 

= V (h) — V (a). Since V (a) = 0, F (b) — V, we finally 
get 

b 

F = J S (x) dx. 


which was required to be proved. 

Consider an important particular case when T is a solid 
of revolution, i.e. when it is generated by rotating a curvi¬ 
linear trapezium about the axis Ox. This trapezium is bound¬ 
ed by a continuous curve y — f (x) (a <x<; b), the axis 
Ox and the straight lines x = a and x = b (Fig. 195). In 
this case the corresponding sections are circles and S (x) = 
= JiP (x). Therefore, 

b b 

V= J 5(x)dx = n J Pix)dx. (4) 

a a 
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Sec. 70. The Formulas for Computing the Volume 
of a Cone, a Ball and Its Parts. 

Simpson's Formula 


tu volume of any cone is equal to one third 

the product of its base by the altitude. 

/r- it” allilude ( 50 | = // 

(rig. lyb). 

Prove: Fcone = 1/3 5base-^. 

nf O tl>e volume of a cone let us make use 

of the formula (1) of Sec. 69. Let us direct the axis of ab.scis- 
sas along the altitude 150) and mea.sure x from the vertex 



of the cone: 0 <x<; H. According to the property of 
allel sections of a cone (see Sec. 58), wo have 


par- 


whence 


^base _ 

S (x) X* ’ 


^ (^) — *^base • ~ff2 • 

Hence, 

Tt H 

Pcone= j5(x)dx= I” 5haso-^</x = 
0 0 


- JL c ^ F 1 

//» ~T 

which was required to be proved. 


^base 


■FT. 
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This formula is valid for any cone, in particular for 
a pyramid and a circular cone. Whence wo have the following 
corollaries. 

Corollary 1. The volume of a pyramid is equal to one 
third the product of the area of the polygon serving as its base 

by the altitude: 



Fig. 197 


Prove: 


V 


frustum 




s 


base* 


H. 


Corollary 2. The volume of a 
circular cone is equal to one third 
the product of the area of the base 
circle by the altitude: 


Theorem 2. The volume of a 
frustum of a cone is equal to one 
third the product of its altitude by 
the sum of the areas of the bases 
of the cone and the geometric mean 
of these areas. 

Given: a frustum of a cone T 
with the bases F and O. [OOJ = 
= its altitude (Fig. 197). 

(area F + y area F*area O + 


4- area O). 

Proof. Consider the complete cone from which the given 
frustum was obtained. Denoting the altitude of the addi¬ 
tional portion by ft, we get 


= + -^area = 

=area F • + 4-F — area O). A. 


Let us eliminate h from the equality obtained. Since 

areaF (H + h)^ / area F _ n-\-h 

areaO ’ Y area cb h ’ 

we have 

Y area F — Y area ^ ^ 

yarea h ’ 













wfience 

_ Y arcad) »// 

1/ area F —aread) 

and 

t^frustum =-^area F-H-\ —()/ area F f 

+ y area O) • H • Y area O = 

= ^H (area F + Y area F-area <1> + area O), 

which was required to be proved. 

Corollary 1. The volume of a frustum of a pyramid is 
computed by the formula 

^^frustura = (area A+Y ^rea A• area B f-area B), 

where A and B are polygons {its bases)^ and H is the altitude. 

Corollary 2. The volume of a frustum of a circular cone 
is computed by the formula 

Vfrustum = 4- 

where R and r are the radii of the base circles, and H is the 
altitude. 

Theorem 3. The volume of a ball of radius R is computed 
by the formula 

Proof. The ball is a solid of revolution, therefore, to 
compute its volume we make use of the formula (4) of 
Sec. 69. In this case / (x) = y — x*, — R ^x^R 
(Fig. 198). Hence, 

R B 

l^baii = n ^p-{x)dx = n ^{R^ — xX)dx = 
which was required to be proved. 
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fi contained between two parallel 
Tl?p nn Pjanes is called a spherical segment of two^ bases. 

Vl^.TT ” a spherical 

segment of one base (Fig. 199). ^ 

Theorem 4. The volume of a spherical segment of two bases 
IS computed by the formula 


^sph.sPgm = TiR^H 


^(62 + 06 + 62)^ 

* T of the cutting planes from the 

cmtre of the sphere, R is the radius of the sphere, and H = 
o a IS the altitude of the segment. 




Proof. A spherical segment of two bases is obtained 
by revolving a curvilinear trapezium bounded by an arc of 
a circle and straight lines a: = a and x = 6 (see Fig 1981 
According to formula (4) of Sec. 69, we have 

b 

•^sph .spgm = 3 X f (/?2 — x^) dx = Jl r R^X - — 1** = 

S L 3 J„ 

= .n/?2(fe —a)- 


which was required to be proved. 
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Putting b = R and a = R — where H is the altitude 
of the spherical segment (see Fig. 199), we find 

Vsph.segm = -^)2j _ 

= nRm —^( /? —^). 

In particular, for II = 2R we get 

Vsphere = n (2i?)2 (r —i?) = -|- nR\ 


All the formulas obtained in this chapter for computing 
the volumes are particular cases of the formula established 
by the English mathematician, 

Thomas Simpson: for solids the areas 
of whose sections are quadratic func¬ 
tions of X, i,e. 


S (x) = Ax^ + Bx + C, (1) 

the volume is computed by the for¬ 
mula 

U 



V — -g- {Si + 4S2 + iSa), ( 2 ) 

where is the area of the lower sec¬ 
tion (base), S 2 is the area of the 
section passing through the mid-point 
of the altitude^ and S 2 is the area of Fig. 2001 

the upper section {base). 

Let us prove the validity of the equation (2). We know 
6 

that F = ^ iS (x) rfa: (see Sec. 69). Putting a = 0, b = II 
(Fig. 200) and S {x) = Ax^ Bx -\- C, we find 


H 


F= J {Ax^ + Bx + C)dx = [A^-^rB^-\^CxT = 
0 

= A-^^B.^^CH^-^{2Am^^BH + ^C). 


( 3 ) 






By the condition (1) we have 

S, = S(0) = C, 

S2 = S (-^)=-L(Am + 2BH + AC), 
S3^SiH) = AH^ + BH + C, 
whence it follows that 


Si + 45 * + ^3 = 2 Am + 3 BH + 6 C. 


Substituting the obtained result in the right-hand side of 
the equation (3), we finally find 

F =-|-(5,-f 452-1-53). 

Let us use Simpson’s formula for obtaining the formulas 
already known to us. 

1. For the cylinder S{x) = iSbase = const; therefore, 


H 


y cyl — ” 0 “ (‘^base + 4iSbase + ^^base) — ‘^base • H . 

^or the cone il 
*S^base* Hence, 


2. For the cone S {x) — •5'base? — 0,52 — ^ ^base » 


^cone — ” 0 “ 15base "T 4 • • 5base 4“ 0 j — -g- 5base • H . 

3. For the ball S{x) = n {R^ — x^). Si = = 0; S 2 = 

= nR\ H = 2R. Thus, 


Fha.i = ^ (0 + + 0) = ^ 


Sec. 71. Worked Problems 

Problem 1. A cylindrical solid is made up of two con¬ 
gruent circular cylinders with the altitude H and the radius 
of the base circle /?, which intersect so that the generatrix 
of one cylinder coincides with the axis of the other (Fig. 201). 
Find the volume of this solid. 

Solution. The base of the given cylindrical solid is a 
figure made up of two congruent circular segments. Its 
area is equal to twice the area of the circle less the area of 
their common portion which consists of two segments 
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(Fig. 202): 5base = Sni?* _ Since \OD \ = RI2, 

we have AOD = 60°, = 120° and 

c „ _ 

•^sector AOb — o y *^segm AOiB — 


nR^ i?« /3 




12 


(4JI-3 1/3). 


Consequently, 

F = 5base-^= [2nii2- -^(4 k- 3 l/^)] ^ = 

= :^(8n+3l/3'). 

Problem 2. The base of an oblique parallelepiped is a 
square with side a. One of the lateral edges forms an angle 




of 60° with each of the adjacent sides of the base and is 
equal to b (Fig. 203). Find the volume of the parallelepiped. 

Solution. Since V = d^H, the problem is reduced to 
finding the altitude H. The edge lAAi] is inclined to the 
lines lAIi] and [AD\ at equal angles, consequently, the foot 
of the altitude [^i^l lies on the bisector of the angle BAD^ 
i.e. on [AC] (see Sec. 33). 

From the point E we drop [EF\ perpendicular to [AB], 
and join F to then [A^F] is perpendicular to l^fil. 
In the right-angled triangle AFAi. A — 60°, Ai = 30°, 
I AAi 1 = b. Therefore, | AF [ = 6/2. Since AEF is an 
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isosceles right-angled triangle , we have: | EF | = \ AF \ = 

= 6/2, \AE\=^ YTEFYTTAF~\^ = bV 2/2. From the 
triangle AEA^ we then have 


\A^E\ = H=Y \AA,\^-\AE\^ = j/62-^ 


whence V = a^b V^/2. 

Problem 3. Given an iron bar having tlie shape of an 
oblique circular cylinder with the generatrix 6 = 30 cm 




Fig. 204 


and the radius of the base circle /? = 10 cm. It is required 
to saw off a right cylindrical bar of the greatest possible 
volume. Find the ratio of the volume of the sawn portion 
to the volume of the given bar if its generatrix is inclined 
to the plane containing the base at an angle a = 80° 
(Fig. 204). 

Solution. The volmne of the sawn portion is equal to the 
difference between the volumes of the given and the obtained 
right cylinder. Let us first find the volume Vi of the given 
cylinder. Its altitude h = b sin a, the area of the base 

= nR^. Hence, = nR^b sin a. The base of the ob¬ 
tained cylinder is the projection of the base of the given 
cylinder, the angle of projection being equal to 90° — a. 
Therefore the area of the base of the right cylinder = 
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= Si cos (90^ — a) = nR^ sin a, and the altitude H = 
= b — 1 CB 1=6 — 2R cos a. Hence, 

Fa = = tiR^ sin a (6 — 2R cos a). 

The volume of the sawn-away portion 


F = Fi — Fa = nR^b sin a — ji/?^ (ft _ 2R cos a) sin a = 

= nR^ sin 2a 


and 


V _ nR^ sin 2a _ 27? cos a 

Vi Ji/?*6 sin a b 


Substituting the numerical values of the given quantities, 
we find 


V 20 cos 80° 
Vi~ 30 


0.1158. 


Problem 4. Given a piece of metal of density p having 
the shape of a triangular pyramid. It is required to turn 
a circular cone of the greatest possible volume with the same 
vertex. Find the mass of the turned-away metal if the sides 
of the base of the pyramid are equal to 13 cm, 14 cm, and 
15 cm, and the altitude is equal to 24 cm. 

Solution. The volume of the obtained circular cone 
(Fig. 205) is the greatest if the base of the cone is a circle 
inscribed in the base of the pyramid. The mass of the turned- 

away metal is equal to (Kpy, — Kcone) P = 5 ^ (area 

ABC — nr^) p, where r is the radius of the circle inscribed 
in the triangle ABC\ it is found by the formula r — Sip, 
where S is determined by Hero’s formula: 

s = y p{p — a){p — b){p — c) = y21x8x7x6 = 84 cm^; 


^ 84 , 

r = ^ = 4 cm. 

Therefore, 

M = -B- . 24 (84 - 16ji) « 269.88p. 

Problem 5. A sphere of radius R is inscribed in a pyra¬ 
mid whose base is a rhombus with an acute angle a. The 
lateral faces of the pyramid are inclined to the plane con¬ 
taining the base at equal angles q). Find the volume of the 
pyramid. . ^ o . 
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Solution. Tlie lateral faces of the pyramid are inclined 
to the plane of its base at equal angles, therefore the altitude 
of the pyramid is projected into the centre of the circle 
inscribed in tlie rhombus, i.e. into the point 0 of intersection 
of its diagonals (Fig. 206). Through this point we draw the 
altitude of the rhombus [FE] and join E and F to the vertex 





s 



S of the pyramid. By the theorem on three perpendiculars, 
[5F] is perpendicular to [BC\ and [*?£] is perpendicular 
to [AD]. 

The points at which the spherical surface touches the 
lateral faces of the pyramid lie on the slant heights. The 
volume of the pyramid 

t^ = 4‘^base-|5<9| =±|4Z?|.|£F|.|501. 

The altitude | SO \ is found from the triangle SEF in which 
the radius R of the incircle and the angles at the base q) 
are known (Fig. 207): 

I OF I = I 00 1 I-cot ((p/2) = /?-cot ((p/2), 

I EF I = 2R cot ((p/2), 

I SO I = I OF I-tan cp = /? cot ((p/2) tan (p. 
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'We now find the side and then the area of the rhombus. 
From tlie right-angled triangle /I C/T {[AK] J_ [BC], [AK] = 


S 



= {EF\) we have 

\AD\ = UjSI - _ 2/tcot((r 2) 

' ' sin a sina • 

Hence, 

^\AD\.\EF\ = 

' ' Sin a 

and 

F = -^/?COt ((p/2) t nn rp - /,/?3 ^ 

PROBLEMS TO CHAPTER 9 

1. By how many cubic centimetres will the volume of 
a cube increase if its edge equal to 1 m is increased by 1 cm? 

2. Three brass cubes with edges 3 cm, 4 cm, and 5 cm are 
smelted into one cube. Find the length of the edge of the 
obtained cube. 

3. If each edge of a cube is increased by 2 cm, then its 
volume will increase by 98 cm^. Determine the edge. 

4. The areas of tliree faces of a rectangular parallelepiped 
are 2 m^, 3 m^, and 6 m^. Find its volume. 
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5. The diagonal of a rectangular parallelepiped is equal 
to I and forms an angle of 30° with one face and 45 with the 
other. Find its volume. 

6. The base of a right parallelepiped is a rhombus. The 
area of the base is equal to 60 cm®. The areas of the diagonal 
sections of the parallelepiped perpendicular to the base are 
equal to 72 cm® and 00 cm®. Find the volume of the paral¬ 
lelepiped. 

7. In a right parallelepiped the sides of the base are 
equal to 2 ^"2 cm and 5 cm and form an angle of 45 ; the 
smaller diagonal of the parallelepiped is equal to 7 cm. 
Find the volume of the parallelepiped. 

8. The base of the j)arallelepiped is a rhombus; the 
diagonal sections are perpendicular to the plane containing 
the base, their areas are 100 cm® and 105 cm", and the length 
of the line of their intersection is equal to 10 cm. Determine 
the volume of the parallelepiped. 

9. In a right parallelepiped with the base ABCD the 
edge \AB] is 50 cm long; the perpendicular WiE] dropped 
from the vertex Bi onto \,AD\ is equal to 41 cm and divides 
{AD\ into the segments [AE\ — 30 cm and | ED \ = 18 cm. 
Find the volume of the parallelepiped. 

10. The diagonal of a regular quadrangular prism is 
equal to 3.5 m, and diagonal of the lateral face is equal to 
2.5 m. Find the volume of the prism. 

11. In a regular hexagonal prism the area of the greatest 
diagonal section perpendicular to the base is equal to 4 m®, 
the distance between two opposite faces being equal to 2 m. 
Find the volume of the pri.sm. 

12. The altitude of a right triangular prism is equal 
to 5 m, its volume to 24 m®, and the areas of the lateral 
faces are to one another as 17 : 17 : 16. Find the sides of 
the base. 

13. The area of the base of a right triangular prism is 
equal to 4 cm® and the areas of its lateral faces are equal to 
9 cm®, 10 cm®, and 17 cm®. Find the volume of the prism. 

14. The base of a right prism is a trapezium in which 

the parallel sides | 1 = 39 cm, 1 1 = 22 cm; and the 

lateral sides \ AB \ = 2^ cm and \ CD j = 25 cm. The area 
of the section ACCiA^ is equal to 400 cm^. Find the volume 
of the prism. 

15. The base of an oblique parallelepiped is a parallelo¬ 
gram ABCD in which 1 AB | = 3 dm, | AD j = 7 dm, 
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?“■ TJ'e diagonal section AAjC^C is perpendicu- 
lar to tlie plane containing the base and is equal to 1 m* 
rincl tJie volume of the parallelepiped. 

will/ oblique parallelepiped is a rhombus 
with side a and acute angle of 60°. The edge 1^1^,] is also 

petf ^ ^ the parallelepi- 

rhll\ T**® ® ® triangle with side a. 

Urn eXo Pl'^Jfted into the centre of the base, and 

Pinrflf loohned to the base at an angle of 45°. 

rind the volume of the prism. ^ 

lotol^i J" .®t)tique triangular prism the area of one of the 
lateral faces is equal to its distance from the opposite 
edge being equal to 2a. Find the volume of the prism 
ly. A regular triangular prism is inscribed in a cylinder 

hv n « .^®®tangular sheet of tin-plate whose size is 1.6 m 
by 0.8 m IS rolled up into a tube in two different ways. Find 
the ratio of the volumes of the tubes thus obtained^. 

an nil I tlic ratio of the volumes of a tetrahedron and 
an octahedron if the mid-points of the edges of the tetra- 
hedron serve as the vertices of the octahedron. 

in a ^ cylinder inscribed 

in a regular hexagonal prism each of whose edges is equal to a 

to U/fl fnH 24 cm; F belongs 

to U//j and .£ to [AD] so that | = I I = 12 cm 

vilLp‘on/*° the 

volume of the remaining portion. 

lo. ^'i volume of a triangular pyramid whose 

l(/7m mutually perpendicular and are equal to 

lU cm, 15 cm, and 9 cm. 

j^o^^‘® pyramid is a rectangle with sides 9 m. 

F^nd^^/”’ * “/ti**® is equal to 12.5 m. 

rind the volume of the pyramid. 

26. The base of a pyramid SABC is a triangle ABC in 

' ^^1 ' r 27 cm, ancl I AC] = 

®'‘® perpendicular to the 

Sf 45° Ffn?ih“ I fece -S/yc is inclined to it at an angle 
iLTbSC ^ ^ pyramid and the area of the 
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27. Tlie volume of a circular cone is equal to V and the 
radius of the base circle is equal to /?. Find the area of 
the axial section of the cone. 

28. The radius of the base of a circular cone is equal 
to JL Kind the radius of the section which is parallel to the 
base and halves the volume of the cone. 

29. The liquid contained in a conical vessel whose alti¬ 
tude is 0.18 m and the diameter of the base circle is equal 
to 0.24 m is poured from this vessel into a cylindrical vessel 
the diameter of whose base is equal to 0.10 m. What will 
be the level of the liquid in the cylindrical vessel? 

30- In a frustum of a triangular pyramid a plane is drawn 
through the side of the upper base parallel to the opposite 
lateral edge. In what ratio is the volume of the frustum 
divided if the parallel sides of its bases are to each other 
as 1 : 2? 

31. A lateral edge of a frustum of a regular pyramid 
is equal to 4 m, and is inclined to the plane containing 
the base at an angle of 60°. The radius of the circle circum¬ 
scribed about the smaller base is equal to 1 m. Find the 
volume of the frustum. 

32. The volume of a frustum of a pyramid is equal to 
1720 m®, its altitude to 20 m, its like sides are to each other 
as 5 : 8. Find the areas of the bases. 

33. A frustum of a regular quadrangular pyramid is cut 
from two opposite sides by two planes drawn through the 
end-points of the diagonal of the upper base and perpendicu¬ 
lar to this diagonal. The sides of the bases of the pyramid 
are a and 6, and the altitude is h. Find the volume of the 
remaining portion. 

34. Through the point of intersection of the diagonals of 
a frustum of a regular quadrangular pyramid a plane is 
drawn parallel to its bases. The sides of the bases of the 
frustum are equal to 6 m, and 3 m, the altitude being equal 
to 9 m. Find the volume of each of the frustums obtained. 

35. A frustum of a circular cone and a cone of the same 
altitude are equivalent. What is the radius of the base 
circle of the cone if the radii of the bases of the frustum 
are equal to 3 cm and 5 cm? 

36. A frustum of a circular cone with radii of the bases 
of 4 cm and 22 cm is equivalent to a circular cylinder of the 
same altitude. Find the radius of the base of this cylin¬ 
der. 
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37. A right-angled trapezium rotates about the lateral 
side which forms right angles with the bases. The area of 
the trapezium is 68 cm^, its bases being equal to 10 cm 
and 7 cm. Find the volume of the solid of revolution. 

38. Find the volume of the figure generated by a regular 
hexagon rotating about its side equal to a. 

39. The base of a pyramid is an isosceles right-angled 
triangle ABC, The lateral face adjacent to the hypotenuse 
of the base is perpendicular to the plane containing the base. 
Inscribed in the pyramid is a circular cone whose volume 
is V, Find the volume of the pyramid. 

Hint: Fpyr : Fcone = area ABC : where r is the 

radius of the circle inscribed in the base of the pyra¬ 
mid. 

40. In a circular cone through its altitude two planes 
are drawn at an angle of 30° to each other. The altitude 
of the cone is equal to 77, the radius of its base circle is 
equal to R. Find the volumes of the portions into which 
the cone is divided by the planes. 

41. Inscribed in a sphere is a regular triangular pyramid 
the side of whose base and the altitude are equal to a. Find 
the volume of the sphere. 

42. How many small balls of diameter 12 mm can be 
cast from 50 kg of lead whose density is 11 400 kg/m^? 

43. Find the ratio of the volumes of a cylinder, a ball, 
and a cone if the diameters of the bases of the cylinder and 
the cone, and their altitude are equal to the diameter of 
the ball. 

44. A vessel has a shape of an overturned circular cone 
whose axial section is an equilateral triangle. An iron ball 
of radius 7? is placed in it and the vessel is then filled with 
water so that its surface touches the submerged ball. What 
will the water level be after the ball is taken out of the 
vessel? 

45. Given a ball. A plane perpendicular to its diameter 
divides it into two segments: 3 cm and 9 cm long. Into 
what portions is the volume of the ball divided? 

46. Two equal balls are situated so that the centre of 
one ball lies on the surface of the other. How is the volume 
of the common portion to the volume of the entire ball? 

47. The diameter of a bail is equal to 20 cm. Find the 
volume of a spherical segment of one base whose altitude 
is equal to 6 cm. 
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48. At what distance from the centre must a ball of 
radius R be intersected by a plane so that the volume of 
the smaller spherical segment is to the volume of the corre¬ 
sponding spherical sector as 5 : 8? 

49. At what distance from the centre must a ball be cut 
by a plane so that tlie volume of the cylinder constructed 
on the section figure as base and with the altitude equal 
to the altitude of the spherical segment of one base is equal 
to the volume of the segment? 

50. Determine the volume of a spherical sector if the 
radius of its base circle is equal to 60 cm, and the radius 
of the sphere is 75 cm. 

51. The radii of the bases of a spherical segment of two 
bases are equal to 3 m and 4 m, and the radius of the ball 
to 5 m. Find the volume of the spherical segment (consider 
two cases). 

52. The angle between the axis of a cone and its genera¬ 
trix is equal to a. Determine the ratio of the volume of the 
cone to the volume of the sphere circumscribed about it. 

53. Inscribed in a cone is a sphere which touches the 
lateral surface of the cone along a circle of radius r. The 
generatrix of the cone is seen from the centre of the sphere 
at an angle a (90® <C a < 135®). Find the volume of the 
cone. 

54. Determine the angle between the generatrix and the 
plane containing the lower base of a frustum of a circular 
cone if the volume of the frustum is three times the volume 
of the sphere inscribed in it. 

55. From an end-point of the diameter of a ball a chord 
is drawn so that the surface generated by its rotation about 
the diameter divides the volume of the ball into two equal 
parts. Find the angle between the chord and the diameter. 


CHAPTER 10 


THE AREA OF SURFACES 


Sec. 72. The Area of the Surface 
of a Polyhedron 

Definition. The area of the surface of a polyhedron is the 
sum of the areas of all its faces. 

Processing from this definition, let us derive the formu¬ 
las for computing the areas of the 
surfaces of a prism and a pyramid. 

1. The Area of the Surface of 
a Prism. The prism is bounded by 
two congruent polygons serving as 
its bases and parallelograms forming 
its lateral surface. Consequently, 
the area of the lateral surface of 
the prism is equal to the sum of 
the areas of the parallelograms serv¬ 
ing as its lateral faces. The area 
of the complete surface of the prism 
is equal to the sum of the areas of 
its lateral surface and the areas of 
its bases. 

Theorem. The area of the lateral 
surface of a prism is equal to the 
product of the length of its lateral 
edge by the perimeter of the perpen¬ 
dicular section of a prism. 

Given: a prism ARCDEAiRiC^DiEi, a perpendicular 
section LMNQR (Fig. 208), \AAy\^l\LM\-\-\MN\-\- 
+ \NQ\ + \QR\+\RL\^P. 

Prove: 5iat. pr = PI- 

Proof. Let us take the lateral edges of the prism for the 
bases of the parallelograms belonging to the lateral surface 
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of the prism. Then the side of the perpendicular section 
lying in the plane of each face of the prism is the altitude 
of the corresponding parallelogram. Consequently, 

^lat.pr= + \^^i \ • + lac'll + 

+ \DD,\-\QR\ + \EE,\.\IiL\=l-{\LM\ + \MN\ + 

+ \NQ\ + \QR\ + \RL\) = IP, 

Corollary. The lateral surface of a right prism is equal 
to the product of the perimeter of its hose by the lateral edge. 

2. The Area of the Surface of a Pyramid. The surface of 
a pyramid consists of the polygon of its base and the trian¬ 
gles which form its lateral sur¬ 
face. Consequently, the area of 
the lateral surface of the pyra¬ 
mid is equal to the sum of the 
areas of all the triangles forming 
its lateral surface. 

Theorem 1. The area of the 
lateral surface of a regular pyra¬ 
mid is equal to the product of 
the semiperimeter of its base by 
the length of the slant height. 

Given: a regular pyramid 
SARCD in which \ AB | = a, 
and I iSAf I = / is the length of 
the slant height. 

Prove: i5iat. pyr = 1/2 PI. 

Proof. Since the triangles forming the lateral surface of 
a regular pyramid are congruent, the lateral surface of the 
pyramid is equal to the area of one such triangle multiplied 
by the number n of the triangles, i.e. 

C ^ 1 rii 

*^lat.pyr — 

This formula remains true for any pyramid whose lateral 
faces have congruent heights (see Problem of Sec. 31). 

Indeed, in this case (Fig. 209) 

*^lat. pyr = | AB | • / -f- | BC | • Z + | CZ) | • Z 4* 

+ -^\DA\.l = -^Pl. 


s 
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Theorem 2. The area of the lateral surface of a regular 
pyramid is equal to the area of its base divided by cos <p, where 
(p is the angle at which the lateral faces are inclined to the 
plane containing the base. 

Given: a regular pyramid SABCD in which [SO] is the 


altitude, [SM] is the slant height, and SMO = cp. 


Prove: S 


lat. pyr 


_ *^ba8e 
COS (p 


Proof. The projections of the slant heights are the seg¬ 
ments [OM], [ON], [OK], and [OL]. The length of each of 
them is equal to the radius r of the circle inscribed in the 
base of the pyramid (Fig 209). According to the preceding 
theorem, we have: 5|at. pyr = 1/2 PZ. Since Z= r/cos (p, 
S\at.pyT = P'*/2 cos q), whence, taking into account that Prl2 = 
5base» we finally have 


S 


lat.pyr 


*^base 
cos (p • 


( 1 ) 


Note. Theorem 2 is valid not only for a regular pyramid, 
but also for any pyramid whose lateral faces have equal 
heights. In this case the lateral faces are inclined to the 
plane of the base at equal angles, and the reasoning of 
Theorem 2 thus remains unchanged. 

3. The Area of the Surface of a Frustum of a Pyramid. 
The surface of a frustum of a pyramid consists of two poly¬ 
gons serving as its bases and the lateral surface made up of 
trapeziums. 

Theorem. The area of the lateral surface of a frustum of 
a regular pyramid is equal to the product of half-sum of the 
perimeters of its bases by the slant height. 

Given: a frustum of a regular pyramid APCDPAiPiCiDjPj 
in which I is the slant height, P and Q are the perimeters 
of the upper and lower bases, respectively. 

P - 4 - 0 

Prove: 5,at. tr.pyr = • I- 


Proof. All faces of the lateral surface of the frustum of 
a regular pyramid are congruent isosceles trapeziums 

(Fig. 210), the area of each of them being equal to -1. 

Hence, 


o _ a-[- 6 

lat.fr.pyr — ^ g 


P + Q , 
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As is obvious, the area of the lateral surface of the frus¬ 
tum is equal to the difference between the area of the lateral 
surface of a complete pyramid and the area of the lateral 
surface of tlie upper portion (Fig. 211). Therefore, for a 
frustum of a regular pyramid, as well as for a frustum of 



Fig. 210 


Fig. 211 


a pyramid whose faces are equally inclined to the planes 
of the bases, we can obtain a formula analogous to formu¬ 


la (1): 


coscp ’ 



Indeed, if Si and Su, are the areas of the bases of the frustum 
of a pyramid, then 


Su Si—Su 

cosq) cos(p cos(p • 



Sec. 73. The Area of an Arbitrary Surface 

In computing the areas of the surfaces of polygons, prisms 
and pyramids in particular, we suffered no additional diffi¬ 
culties, since these surfaces consist of a join of polygons, 
i.e. of plane figures whose areas can be easily computed. 
Cylindrical and conical surfaces with curvilinear directrices, 
as also spherical surfaces, belong to curved surfaces, no 
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portion of which (excepting some lines) can be brought in 
coincidence with a plane. Hence, when measuring the “area” 
of such a surface we are unable to compare it with a plane 
unit area. Therefore it is necessary to define the term “the 
area of a surface”. 

Let us consider the following example. 

It is necessary to compute the quantity, i.e. the vol¬ 
ume y, of varnish required for varnishing the floor of area 5. 
If the thickness of the varnish coat is equal to e, then 

V (e) = Se. It follows from this equation that S 

this formula being an exact one. That means: given the 
volume of a cylindrical segment and its altitude or thick¬ 
ness we can find the area of the base. 

Let us now varnish a curved surface. Then the ratio 

(e) 

prompts us an idea as to the magnitude of the area of the 
surface to be varnished. The thinner the varnish coat, the 
more exact is this idea. 

Consequently, we take lim for the area of the 

E-o te) 

surface. To compute this limit we have, firstly, to specify e 
more exactly and, secondly, to know the volume of the 
varnish coat F (e) as a function of e. Then 


c i: V(e) dV 

*^siirf — lim —— — — r— 


8-»0 


dt 


Let us now consider how this method is used in computing 
the areas of surfaces of some solids of revolution. 


Sec. 74. The Area of the Surface of 
a Right Circular Cylinder, 
a Circular Cone, and a Ball 

Theorem 1. The area of the lateral surface of a right circu¬ 
lar cylinder is equal to the product of the length of the base 
circle by the altitude (generatrix) of the cylinder. 

Given: a right circular cylinder T in which | OyO \ = H 
is the altitude, and | OA | = /? is tlie radius of the base 
circle (Fig. 212). 

Prove: 5iat. cyi = 2nRH. 

Proof. Let us denote the volume of the given cylinder 
by V (R). Then the volume of the cylinder with the same 
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altitude H and the radius of the base R + A/? is equal to 
F (i? + A/?). We then denote the volume of the “layer” 




Fig. 213 


contained between these cylinders by V (e), where e = A/? 
(Fig. 212). 

Obviously, V {z) = V (A/?) = F (fl + A/?) - F (i?) 
and, hence. 


^^lat. cyl — lim 
AR-^0 


F(i? + Ai?) —F(/?) _ dV 
A/? dR • 


Since F (/?) = nR^H, we have 




Theorem 2. The area of the lateral surface of a circular 
cone is equal to the product of half the length of the base circle 
by the length of the generatrix. 

Given: a circular cone T, in which | SA | = Z is the 
generatrix, and | OA | = /? is the radius of the base circle 
(Fig. 213). 

Prove: cone nRl. 

Proof. We denote the volume of the given cone by Fj. 
Let then F (e) denote the volume of the “layer” contained 
between the given cone and the cone generated by rotating 
the triangle OA^S^ (where [iliiSj] is parallel to [^45]) about 
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f 


the axis OSi (Fig. 213). We denote the volume of this cone 
by Fj. Let us draw in the axial section of the cones l<?Af] 
perpendicular to and put the distance between the 

generatrices 1^51 and [vli5i] to be equal to; e = 1 OM | — 
— I ON | = (« + Are) — re = Are. Obviously, V (e) = Fo — 
_ F, = F (re + Are) — F (re). Then 


c -lim -lim + 

■^lal.cone — *inl - — lim 


e.*0 


&n-^0 


An dn 

Let US express the volume of the cone T in terms of n. De¬ 
noting OAS = (p, we have 


R^\AO\ =I 


ON\ 


n 


H=\SO\ 


sin q) sin qi 
n 


{A.ONA), 


Then F (re) = —r 

' ' 3 sin2(pcosq) 

o ^ d / 1 Jin» \ _ 

lat.cone dn \ 3 sin* (p cos (p/ sin*cpcoscp* 

Taking into account that « and eosq. 

= I AS 1 = I, we get 


COS cp 

and 

n3 


i^ONS). 


Jin^ 


\AOl 


•^lat.cone — 


Theorem 3. The area of the lateral surface of a frustum 
of a cone is equal to the product of the half-sum of the lengths 
of its bases by the length of the generatrix. 

Given: a frustum of a cone T, R and r are the radii of 
its bases (R >r), and the length of the generatrix 1. 

Prove: 5iat. fr.cone = Ji (i?-|-r) L 

Proof. Let us complete the cone and denote the length 
of the generatrix of the newly constructed portion by x, 
i.e. X = I MS I (Fig. 214). Then 

■5iat.fr.cone = n/? (Z + x) — zirx ^ nRl-\-n (R — r) X. (1) 

R l-\-x 

To determine x let us consider the proportion -y = — , 

whence Rx = rZ + rx, or (/? — r) x = rl. Returning to 
equation (1), we find 

■Slat.fr.cone = nRl + JirZ = n (/? + r) Z. 
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Note. The three formulas which we obtained for deter¬ 
mining the areas of the lateral surfaces of a right circular 
cylinder, a circular cone, and a frustum of a circular cone 
can bo reduced to one general formula, taking into consid¬ 
eration that li in the cylinder,/?/2 in the cone, and {R-\-r)l2 
in the frustum of a cone are equal to the radii of the parallel 
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R*AR. 


sections passing through the midpoint of the altitude of the 
corresponding solid. Then 

‘^lal.cyl = 2jli?./, <5iat.cone = 2jl-|-*f. 


S 


lat.fr.cone 


= 2jl 


n + r , 
2 


i.e. the area of the lateral surface of each of the three solids 
(a right circular cylinder, a circular cone, and a frustum of 
a circular cone) is equal to the product of the length of the 
circle of the mid-section by the length of the generatrix. 

Theorem 4. The area of the surface jof a ball is equal to 
the product of the length of the circumference of the great circle 
by the length of the diameter. 

Given: a ball T and its radius R. 

Prove: i'baii = 2nR-2R = 

Proof, Let V (e) denote the volume of the “layer” con¬ 
tained between the given ball and a concentric one whose 
radius is equal to R + AR (Fig. 215). Putting e = AR, 
we have 


V (e) = V (AR) = V{R + AR)-V (R); 
l^j^ y(R + AR)-V(R) _ dV 
AR-*0 


^ball ■ 


AR 


dR 
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Since V (B) = -l-n/?®, we get 

“ 4(4 


Note. This formula is a particular case of a more general 
formula for computing the area of the surface of a zone of 
a sphere iS^o^e = 2ji/f*//, where II is the altitude of the 
zone. We omit here the deduction of this formula. 

Sec. 75. Worked Problems 

Problem 1. Find the ratio of the area of the surface of 
a cube to the area of the surface of an octahedron inscribed 
in it. 

Solution. Suppose the edge of the cube is equal to a, 
then iScube = The surface of the octahedron consists of 



Fig. 216 


eight regular triangles whose sides join the centres of two 
adjacent faces of the cube (Fig. 216) and are equal. Hence, 


V lO/r I® + p = + ^ = Since 



= 2 yj. 

Problem 2. The base of a pyramid is a triangle with the 
sides of 13 cm, 14 cm, and 15 cm. The lateral faces of the 
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pyramid are inclined to the plane containing the base at an 
angle of 60°. Find the area of tlie total surface of the pyra¬ 
mid. 

Solution. According to the note of Sec. 72, 


tlierefore 

and 


j _ *^ba8e . 

lat .pyr ^ » 


c _ ‘^base i 

cosW"^ 


■5base = / p{p — a){P — l>)(p—c) =V21-8-7.6 =84cm2. 

H6DC6^ ^complele pyr “ ^iSp^ge — 84*3 — 252 Cm . 

Problem 3. The lateral surface of a cone is equal to 
Q cm^, and the angle of its development is equal to 120°. 
Find the total surface of the cone. 

Solution. AVe have ‘^'complete cone “^lat *^base 
= ^ 4- n/^, where r is the radius of the base circle. Since 
the length of the circumference of the base circle is equal 

to the arc of the development, we get 2jxr = 

and Q = jirZ, whence we find I = 3r, Q = 3jir^ and, hence, 
nr^ = Q/3 and S = 4<?/3. 

Problem 4. A semicircle divided into three equal parts 
rotates about its diameter (Fig. 217). Prove that the area 
of the surface generated by the middle arc is equal to the 
sum of the areas of the surfaces described by the lateral arcs. 

Solution. We join the end-points of the arcs (points B 
and C) to the centre of the ball and draw perpendicular 

to [AD] and [CCJ perpendicular to \AD] (Fig. 217). When 
rotating, the arcs AB and CD generate surfaces of spherical 
segments of one base, while the arc BC generates a surface 
of a spherical segment of two bases. 

Since S^^n = \ AB^ |, S^cd = | CJ) |, 

S = 2ji/? X I fliCi I, we have to show that \ABx\ + 
+ \CiD\ = \ B,C, |. 

The latter follows from the equality of central angles 

subtended by equal arcs: AOB = BOC = COD --- 60°. Con¬ 
sequently, I I = I OCi 1 = 0.5 I OZ? I or \OB^\ = 
= 0.5 I OA |. Therefore \ AB^ \ + \ CJ) \ ^ \ SA I- 
Problem 5. A plane figure is bounded by an arc of a 
circle of radius /?, a tangent line drawn to the circle at the 
end-point of this arc, and the external portion of a secant 
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passing through the centre of the circle (Fig. 218) This 
figure rotates about a straight line parallel to the secant 
and passing through the centre of the circle. Find the volume 




and the area of the surface of the solid of revolution thus 
obtained if the angle between the secant and the radius is 
equal to 9 (<p >45°). 

Solution. The solid of revolution is a circular cylinder 
j r i^i which [AAi] is the diameter of the base circle 
and vAD] is the altitude), from which there removed a solid 
lormed by a curvilinear trapezium bounded by the curve 

f(x)= — 

U cot 9, A < X < \OOi I = H. 

Using the formula computing the volume of cylinders and 
formula (4) of Sec. 69, we find 

V = nW-H — ji|j (i?2 _ j;2) da; + j a;2 cotz 9 da;| = 


15-0359 
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Since/r= | 00 i| =/?-tan(pi A = /?sin(p, we get 



The solid of revolution is bounded by the lateral surface of 
a circular cylinder ADD^Ai, the lateral surface of a frustum 
of a cone DCCiDi and the surface of a spherical segment of 
two bases. Consequently, 


S = “1“ JT {ft I 2jc/?^, 


( 1 ) 


where r = | CE \ = R cos q), Z = 1 CD | = | OD | — | OC \ = 

= — -/? = ^ (t—cos q)^ ^ Substituting these values in 

cos (p cos 9 

formula (1), we get 

S - 2 ><fl. taD 9 + n (fl + fl cos9).+ 



] = 


cosq)*taiiq) tan q) 


= ji/?^ tan q) (2 + sin q) + 2 cos q)). 


PROBLEMS TO CHAPTER 10 

1. Find the total surface of a cube if its diagonal is 
equal to 27 cm. 

2. Find (to within 1 cm^) the area of the diagonal section 
of a cube if the area of its surface is equal to 72 dm^. 

3. The area of the complete surface of a rectangular 
parallelepiped whose’base is a square is equal to 264 cm^. 
Find the side of tlie base of the parallelepiped if its altitude 
is equal to 8 cm. 

4. In a rectangular parallelepiped the ratio of the sides 
is 7 : 24, and the area of the diagonal section which is per- 
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pendicular to the base is equal to 50 dm^. Find the area of 
the lateral surface of tlie parallelepiped. 

5. The area of the lateral surface of a regular triangular 
prism is equal to 4,320 dm^; the diagonal of the lateral face 
is 82 dm long. Find the altitude of the prism. 

6 . The base of a right parallelepiped is a rhombus. The 
areas of the diagonal sections perpendicular to the bases 
are equal to M and N. Find the area of the lateral surface 
of the parallelepiped. 

7. The diagonal of a regular quadrangular prism is equal 
to 9 cm, and the area of its surface is equal to 144 cm“. 
Find the side of the base and the lateral edge. 

8 . The area of the largest diagonal section of a regular 
hexagonal prism which is perpendicular to the base is equal 
to 1 m^. Find the area of the lateral surface of the 
prism. 

9. Given an oblique triangular prism whose lateral edge 
is equal to 80 cm. The area of the perpendicular section 
is equal to 384 cm^, and the sides of the section are to one 
another as 4 : 13 : 15. Find the area of the lateral surface 
of the prism. 

10. In an oblique triangular prism the distances between 
the lateral edges are equal to 37 cm, 15 cm, and 26 cm, and 
the lateral surface is equiareal to the perpendicular section. 
Find the lateral edge. 

11. The base of an oblique prism is a regular triangle 
with side a; the length of the lateral edge is equal to b. 
One of the lateral edges forms an angle of 45° with each of 
the adjacent sides of the base. Find the area of the lateral 
surface of the prism. 

12. Given the side a of the base, determine the area of 
the lateral surface of a regular quadrangular pyramid whose 
diagonal section is equiareal to the base. 

13. The centre of the upper base of a cube and the mid¬ 
points of the sides of the lower base serve as vertices of 
a pyramid inscribed in this cube. Determine the area of 
the lateral surface of the pyramid if the edge of the cube 
is equal to a. 

14. The base of a pyramid is a rhombus with the diago¬ 
nals 6 m and 8 m long; the altitude of the pyramid passes 
through the point of intersection of the diagonals of the 
rhombus and is equal to 1 m. Find the area of the lateraJ 
surface of the pyramid. 
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15. The base of a pyramid is a square, and its altitude 
passes through one of the vertices of the base. Find the area 
of the lateral surface of the pyramid, if the side of the base 
is equal to 24 dm. 

16. The base of a pyramid SABC is a right-angled 
triangle ABC. The edge 45 is perpendicular to the plane of 
the base and is equal to 18 cm. Find (to within 1 cm-) the 
area of the complete surface of the pyramid if the hypotenuse 
of the base | 45 1 is equal to 25 cm and the leg 1 SC 1 is 

equal to 7 cm. * 4.1 

17. The base of a pyramid is a regular hexagon witli side 

a; one of the lateral edges is perpendicular to the plane 
containing the base and is equal to a. Find the area of the 

lateral surface of the pyramid. 

18. The base of a pyramid is an equilateral triangle with 
side a; one of its lateral faces is also an equilateral triangle 
and is perpendicular to the plane of the base. Find the area 
of the lateral surface of the pyramid. 

19. Find the area of the surface of a frustum of a regular 
pyramid the sides of whose bases are 18 cm and 8 cm long, 

and the altitude is equal to 12 cm. c i 

20. Find the area of the surface of a frustum of a regular 
pyramid the sides of whose bases are 8 dm and 6 dm long, 
and the lateral face is inclined to the plane of the base at an 


angle of 60°. , . i j 

21. In a frustum of a regular triangular pyramid the 

dihedral angle at the base is equal to 60°, the side of this 
base is a and the area of the surface is 5. h ind the side of 

the other base. .. , 

22. In a frustum of a regular quadrangular pyramid the 

areas of the bases are equal to Q and q, and the area of the 
lateral surface to P. Find the area of the diagonal section 

perpendicular to the bases. _ 

23. The bases of a frustum of a pyramid are regular 
triangles with sides a and 6 ; one of the lateral edges is per¬ 
pendicular to the planes containing the bases and is equal 
to c. Find the area of the lateral surface of the frustum 

24. In a frustum of a pyramid the like sides of the bases 
are to each other as 3 : 11. What is the ratio in which 
the area of its lateral surface is divided by the midsec- 

The altitude of a circular cylinder is 10 cm longer 
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than the radius of the base, and the area of the complete 
surface is equal to 144 cm^. Find the radius of the base and 
the altitude. 

26. Find the relation between the altitude H of a circular 
cylinder and the radius R of its base circle if their sum is 
equal to the radius of a circle equiareal to the complete 
surface of this cylinder. 

27. A regular hexagonal prism is inscribed in a circular 
cylinder. Find the ratio of the areas of their lateral surfaces. 

28. Find the area of the complete surface of a cylinder 
circumscribed about a cube with edge a, 

29. Find the area of the complete surface of an equilat¬ 
eral cylinder (in which the altitude is equal to the diameter 
of the base circle) if the area of its lateral surface is equal 
to 80 cm^. 

30. In a circular cylinder with altitude H and radius R 
of the base a plane is drawn parallel to the bases. Find the 
location of this plane at which the area of the section is the 
mean proportional of the areas of the parts into which the 
lateral surface of the cylinder is divided by this plane. Under 
what condition does the problem have a solution? 

31. What is the mass of a cylindrical funnel whose length 
is equal to 15 m and the diameter to 40 cm if the funnel is 
made from sheet-iron, the mass of one square meter of which 
is equal to 7 kg? When computing the mass, 8% of the area 
of the surface of the funnel should be added for the seam 
(the result must be obtained to within 0.1 kg). 

32. Given the altitude h and the area of the surface of 
a cone find the radius of its base. 

33. The altitude of a cone is equal to 2 dm; the angle 
at the vertex of its axial section is equal to 120°. Find the 
area of the lateral surface of the cone. 

34. The greatest angle between the elements of a cone 
is equal to 60°. Find the ratio of the area of the lateral 
surface of the cone to the area of its base. 

35. Find the ratio of the area of the lateral surface of an 
equilateral cone (its axial section is an equilateral triangle) 
to the area of the lateral surface of a cylinder with the same 
altitude. 

36. Find the ratio of the generatrix to the radius of the 
base circle of a cone in which the lateral .surface is the mean 
proportional between the area of the base and the complete 
surface of the cone. 
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37. The altitude of a cone is equal to 24 dm, and the 
radius of the base to 7 dm. Find the angle of the development 
of the lateral surface of this cone. 

38. The ratio of the area of the complete surface of a 
cone to the area of its lateral surface is equal to 3 : 2. Find 
the greatest angle between its elements. 

39. The radius of a circular sector is equal to 3 m, its 
angle to 120°. A conical surface is made up from this sector. 
Find the radius of the base of the cone thus obtained. 

40. The hypotenuse and the legs of a right-angled trian¬ 
gle serve as diameters of three balls. Find the relation be¬ 
tween the areas of their surfaces. 

41. In a ball two parallel planes are drawn on one side 
of its centre. The areas of the sections are equal to 49 dm^ 
and 4 m^, the distance between them being equal to 9 dm. 
Find the area of the surface of the ball. 

42. Prove that the area of the complete surface of a cir¬ 
cular cone whose axial section is an equilateral triangle is 
equal to the area of the surface of a ball whose diameter is 
equal to the altitude of the cone. 

43. Prove that the surface of a solid generated by rotating 
a square about its side is equiareal to the surface of a ball 
whose radius is equal to the side of the square. 

44. In a frustum of a circular cone the diagonals of the 
axial section are mutually perpendicular, and the generatrix 
is inclined to the lower base at an angle a and is equal to /. 
Find tlie area of the complete surface of the frustum. 

45. A ball is inscribed in a cone whose altitude is h. 
The line of tangency divides the surface of the ball into 
parts whose surfaces are to each other as m Find the 
radius of the ball and the angle between the generatrix 
of the cone and its axis. 

46. The generatrix of a cone is inclined at an angle a 
to the plane containing the base. A regular quadrangular 
pyramid is inscribed in the cone so that its vertex coincides 
w’ith the vertex of the cone, and the base lies in the plane 
containing the base of the cone. The volume of the pyramid 
is equal to F. Find tlie area of the complete surface of the 
cone. 

47. The area of the surface of a cone is twice the area of 
the surface of a ball inscribed in it. Find the angle between 
the generatrix of the cone and the plane containing its 
base. 


Z30 


48. Find the area of the surface of the solid obtained by 
rotating an isosceles triangle ABC about the line drawn 
from the vertex A perpendicular to the side \AC] if the 
area Q of the triangle and the angle p between the sides 
\AB] and \BC] are knovrn. 

49. In a right circular cone a ball is inscribed, the area 
of whose great circle is equal to S. Find the area of the 
complete surface and the volume of this cone if the gen¬ 
eratrix is inclined to the plane of its base at an angle a. 


ANSWERS 


To Chapter 1 


1. 45°ir/; 79°40'; 55°4'. 2. IG‘^26'; 30®24'; 133®10'. 3. No solu¬ 
tions. 4. 14; 53°8'; 67®22\ 5. 02.15; 21®56'; 34°4'. 6. 1.18; 104^28'; 
45°42'. 7. 56.42; 42.31. 8. 186.7; 158.5. 9. 8.46; 44.56. 10. (1) 798.4; 
89°52'; 54®58'; (2) 270.5; 19®48'; 125°2'. 11. No solution. 12. No so¬ 
lution. 13. (1) 614.4; 133°13'; 25®17', (2) 55.6; 3«47'; 154^43'. 
14. «20.77; ^5^55.43; 68.01. 15. 14.56; 11.82; 5.013. 16. 290.4; 198.6; 
290.4. 17. 34; 11; 29. 18. 17.1; 28.7; 39.8. Hint: use the formula 

c=r ^cot-^+cot-|-) . 19. 8.62; 5.57; 4.59; 35®39'. 20. 15.96; 


100“25'; 50°12'; 29“23'. 21. 6 = 2Rsin5. 22. sini4 = —. 23. suiC= 

9 

la sin + 


sin A 


. 24. 6=- 


sin C 




a sin 


26. 


/ 

tan (4.5°-. 30 . 


27. cos X = 


9 /2 

20 


/\ 

28. sin = sin 36° 


5 + 3 cos 72° 
c 

2 cos a * 
3a 


29. 


2 cos (P/2) ’ ® 2 ^ 

31. 5; 2. 


1 + cot ^ 


d sin 


32. cos a = -=- . 33. 

5 


sin a 


n 0^ o ® 

2 cos 2 cos 


34. 2 [sin i4 +sin ^ 1 sin (i4 + ^)]. 35. 14; 12. 36.22; 14. 37. »186.2cm. 
; 6 * + 


38, 


c sin 3a 
sin 2a 


4 cos* a 


f . 39. 143‘‘8'; 149*’29'. 


cos a 
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40. 126°52'; 96^44'; 136°24'. 41. 92.5 N; 21®0'. 42. -; 

2 sin a * 

P , ,o oi , FZsina 

- 77 -cot a. 43. »21 m/s. 44. - . — 5 —. 

2 ^sinp 

To Chapter 3 

5. 20 cm. 7. a/2; 6/2. 8 . a /3/16; 36/4; 6 /3/16. 9. a ]^l0/3. 
To Chapter 4 

2. 18. 3. 20. 4. 13. 5. |a|=|?|. 6 . cosa=l//3; a/3. 9. l—7\ 

2 *-► 2 2 4 -► — 

d—/+c; /—d. 10. .4B=- —m — —n’, AC — 3 " "+' 3 ‘ BC = 

12. 1:3. 13. 6 ; 133; .51. 

To Chapter 5 

1. 3.5 cm. 2. 82 cm. 3. 79 dm. 4. 4 |^13 cm; 17 cm; 15 cm. 
5. 10 1^2 ~ 14.1 cm. 6 . 24 cm. 7. 9 cm. 8 . 29.6 dm. 9. 12 cm. 
20 cm. 10. a. 11. 24 cm. 12. 70 cm. 13. 4 /3/3 cm. 14. 1 m. 
15. 20 cm. 16. 25 cm. 17. 20 cm. 18. 8 dm; 12 dm. 19. 6 dm. 

20. 120 cm. 21. 45“. 22. 25 cm. 2;i. y p^ + q^—n. 24. 4 dm. 
25. 20 cm. 26. 21.2 cm. 27. 6 dm. 28. 24 cm. 29. 29 cm. 30. 41.6 cm. 
31. 10 cm. .32. 60°. 33. 20 cm. 34. 10 cm. 35. (1) 3; (2) 3, 4, 5; 

(3) 3, 4. 5, 6 , 7; (4) 3, 4, 5, 6 . 7, 8 , 9, 10, 11 . .36. 73.5 cm. 

37. 2 /2 dm. 38. 0A= f (a^ + b^ )-c*)/2. 39. 75 cm. 42. 1088.4 cm^ 

To Chapter 6 

1. = 4, 3, —I), ^ = {4, —3, 1}.2. |‘^|=7. 3.( —1, 2, 3). 

4. (4, 1, 1). 5. ( — 1 , 2, 3). 6 . i4/ = {3. 4, —3}; ^ = {0, —5, .3); 

^ = {—3, 1. 0 ). 7. (1) 22; (2) 6 ; (3) —200. 8 . 31. 10. a=— 6 . 

11. cos(p = 5/21. 12. 45®. 13. arccos (—4/21). 14. \AB\=\AC\-, 

cos .4= —12/49. 15. X —2i/-}-3z-|-.3=0. 16. 2x— 7 — 2—6 = 0 . 
17. X— I/—32 + 2 = 0. 18. 2x— 7 —5 = 0. 19. 2— 3 = 0. 20. 90°. 

To Chapter 7 

1. /2 m. 3. a /2/3. ^ 2). 5. a /6/3. 6 . 50.91 dm^. 

7. 120 cm®; 48.5 cm®, 24 V^13 cm®. 8 . (1) 6 dm; (2) 13 m; (3) 140 cm. 
9. 16 dm; 20 dm. 10. 5 cm and 7 cm. 11. a |^2 and 2a. 12. 5 cm 
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and 7 cm. 13. a V^6/3. 15. 1872 cm*. 16. Q/a. 17. 2m* and 3 m*. 
19. 60 cm. 20. a* ] 3/4. 22. 2a and a V^5; o* \'^3 and 2a*. 23. 3a*. 
24. qY2. 25. 144 cm*^ 26. 4.5 cm. 27. 7.5 cm. 28. 53°49'. 29. 12 cm. 
30. a*/(43i). 31. 40 /3 cm* » 69.3 cm*. 32. 90°. 33. 3 dm. 34. 1 m 

and 3 m. 35. (1) -y 4/i* -t ; (2) /4/t* + a*; y /4A* + 3a*. 
36. (1) -y; (2) 6*—y; (3) b*—a*. 37. 9 cm. 

38. 5 cm and 6 cm. 39. 20 dm. 40. 3 cm 41. — , . 42. 108 cm*. 

a + A 

43. 9 dm* 44. 6 cm. 46. aA; y a ]/ 12A* + 3a*. 47. 35 cm. 48. 3/7 cm*. 

49. 9 cm. 50. 1 dm. 51. 56 cm and 24 cm. 52. 6 cm. 53. 2 cm and 
8 2 1 

10 cm. 54. 1— cm; 6— cm; 5-^ cm. 55. 2 cm. 56. 12 cm. 

57. 0.5 (^—^). 58. 24 m®; 80°^ 59. 39 m and 51 m. 60. 32 m*. 
61. 5 dm3. 02. 2m, 63. m /3/2. 64. 1: 2. 65. 4 cm. 

To Chapter 8 


1. 16^ m^, 2. jx/?2/4. 3. « 
8. nR ]^3. 9. 4ji cm. 10. 

H. + 15. -J- 

2 Sin a sin a 


785 km. 4. 12 cm. 5. 24n m. 6. 2 cm. 
8 cm. 12. 25 dm. 13. 2a/3. 



To Chapter 9 


1. By 30301 cm*. 2. 6 cm. .3. 3 cm. 4. 6 m». 5. /2 J»/8. 
6 . 360 cm*. 7. 60 cm*. 8. 525 cm*. 9. 17 280 cm*. 10. 3 m*. 
11 . 6 m*. 12. 3.4 m; 3.4 m; 3.2 m. 13. 12 cm*. 14. 7320 cm*. 
15. 200 dm*. 16. a*/2. 17. a*/2/8. 18. am*. 19. 4:1. 20. 1:2. 
21. 2:1. 22. 3na*/4. 23. 1: 23. 24. 225 cm*. 25. 360 m*. 26. 400 cm*; 
180 cm*. 27. 3F/(4/?). 2S. RVil2»8.8R. 29. 0.3456 m. 30.3:4. 
31. 19.5 m*. .32. 128 m* and 50 m*. 33. abh. .34. 37 m* and 152_m*. 
35. 7 cm. 36. 14 cm. 37. 584n cm*. 38. 4.5ita*. 39. F (3+2 
40. Fi = Fj = jiff*/7/36; F, = F^ =_5n/?»fl^/36. 41. 32jia*/81. 

42. 4847 pcs. 4.3. 3:2:1. 44. R »2.5R. 45. 45ii cm* and 

243ji cm*. 46. 5; 16. 47. 288 Ji cm*. 48. R/2. 49. R 

50. 112.5n dm*. 51. 38n/3»40 m* or 434ii/3 w 454 m*. 52. Fcone : 

• t^sphere = 2 sin* a cos* a : 1. _5.3. nr® sin a/(12 cos* a cos 2a). 

54. arcsin (2/y^7). 55. arccos {/1/2. 
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To Chapter 10 


1. 1458 cm*. 2. 1697 cm*. 3. 6 cm. 4. 124 dm*. 5. 18 dm or 80 dm. 
6 . 2 Vm* 7. 6 cm and 3 cm or 4 cm and 7 cm. 8. 3 m*. 
9. 102.4 dm*. 10. 2 cm. 11. a6(/2+l). 12. 3a*. 13. 3a*/4. 14. 26 m». 
15. 343 dm*. 16. 630 cm*. 17. a* (6+/7)/2 « 4.3 o*. 18. a*(/3 + 

+ /5)/4iw 1.40a*. 19. 1064 cm*. 20. 156 


dm*. 21. l/sa*-^ 


22. Y2[P^ — (Q—q)*]/i. 23. 0.25 (a +6) (4c +/4c*+ 3 (a— 6)*) = 16. 
24. 5 : 9. 25. 3 cm and 14 cm. 26. H=R. 27. n: 3. 28. jw*(/2+1). 
29. 120 cm*. 30. 0.5±/.»*—/?*), 31. 142.5 kg. 

32. m*//2m* +A*. 33. 43.5« dm*. 34. 2:1. 35. 2 : 3. 36. (1 + /5) : 2. 
37. 100®48'. 38. 60°. 39. 1 m. 40. The greater surface area is equal 

to the sum of two others. 41. 25 ji m*. 44. 2jif*sin 




X cos 


/2 


45. a = arcsin 


'-^-21. 46. •^cot^>/18F*tan a 

Ti + m 2 2 


47. 2 arctan . 48. 4ji^ cot ^ 45®-^ j 


49. 


S cot* 
cot a 


SYs cot* ^ 
3 cot'a 













INDEX 


Angles, 

between an inclined lino and 
a plane, 97 
between lines, 57 
between skew lines, 57 
between two intersecting 
planes, 106 

Axis, 

of abscissas, 129 
of ordinates, 129 
of z-coordinates, 129 

Ball, 181 
Basis, 21 

Cone, 160, 161 
altitude of, 162 
base of, 162 
circular, 162 

inscribed in a ball, 186 
directrix of, 160 
frustum of, 166 

inscribed in a ball, 187 
lateral surface of, 162 
vertex of, 160 
Coordinates of a point, 128 
Cube, 148 
Cylinder, 157 
altitude of, 158 


bases of, 158 
directrix of, 157 
generatrix of, 157 
lateral surface of, 158 
oblique, 159 
right, 159 
right circular, 159 
right elliptic, 159 

Dihedral angle, 104 
edge of, 104 
face of, 104 
measure of, 104 
plane angle of, 104 
Displacement, 68 
Distance, 36 
between figures, 93 
between skew lines, 101 

Half-plane, 44 
closed, 44 
open, 44 
Half-space, 45 
closed, 45 
open, 44 

Intersection, 37 
Invariant, 59 


/ 
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Lines, 
half-, 42 
inclined, 92 

mutually perpendicular, 57 
parallel, 47 

perpendicular to a plane, 91 
sheaf of, 55 
skew, 50 
straight, 36 
Line segment, 41 

Monge’s method, 108 

Parallelepiped, 155 
dimensions of, 155 
rectangular, 155 
right, 155 
Planes, 36 

mutually perpendicular, 106 
parallel, 52 
projecting, 59 
Points, 36 
accessible, 21 
approachable, 21 
end-, 41 
inaccessible, 21 
initial, see Origin 
internal, 41 
Polyhedral angle, 114 
concave, 115 
convex, 115 
edge of, 115 
face of, 115 
properties of, 115 
vertex of, 115 
Polyhedron, 147 
diagonal of, 147 
face of, 147 
regular, 147 
simple, 149 
Prism, 153 
altitude of, 153 


directrix of, 153 
generatrix of, 153 
lateral surface of, 153 
oblique, 159 
quadrangular, 155 
regular, 154 
right, 154 
triangular, 154 
Projection, 
parallel, 58 
Pyramid, 159, 160 
altitude of, 159 
base of, 159 
frustum of, 166 

inscribed in a ball, 188 
inscribed in a ball, 188 
lateral surface of, 159 
quadrangular, 159 
regular frustum of, 166 
right, 159 

slant height of, 159 
triangular, 159 

Quantifier, 

existential, 38 
generality, 38 

Kay, 42 
closed, 42 
initial point of, 42 
open, 42 
origin of, 42 

Regular dodecahedron, 148 
Regular hexahedron, 148 
Regular icosahedron, 148 
Regular octahedron, 148 
Regular tetrahedron, 148 
Representation of figures (in sol¬ 
id geometry), 61 
of polygon, 62 
of prism, 63 
of quadrilateral, 62 
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Representation of figures 
(in solid geometry), 
of tetrahedron, 63 
of triangle, 61 
Resultant force, 30 
Sets, 36 
empty, 37 
join of, 37 
non-empty, 42 
of three points, 41 
of two points, 41 
Similitude, 
centre of, 163 
ratio of, 163 
Space, 36 

transformation of, 68 
Sphere, 181 
chord of, f81 
diameter, 181 
radius of, 181 
Spherical segment, 202 
altitude of, 202 
of one base, 202 
of two bases, 202 
Spherical triangle, 184 
angle of, 184 
sides of, 184 
Subset, 36 
Surface, 

closed conical, 161 


closed pyramidal, 160 
conical, 161 
cylindrical, 157 
non-closed conical, 161 
open conical, 161 
prismatic, 153 
spherical, 181 

Trace of a line, 51 

Translation, 69 

Vectors, 70 
collinear, 71 
components of, 128 
coplanar, 71 

difference between two, 75 

direction of, 70 

equal, 71 

free, 71 

geometric, 70 

initial point of, 72 

length of, 70 

product of, by a number, 76 
scalar product of, 82 
scalar square of, 82 
radius, 128 
sum of two, 73 
terminal point of, 70 
triple product of, 103 
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